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Transport Transforms

problem easy to 
solve

problem hard to 
solve

answer in signal 
space

signal space transform space signal space

[Wang, Slepcev, Basu, Ozolek, Rohde, IJCV 2013]
[Kolouri, Tosun, Ozolek, Rohde, Pattern Recognition 2016]
[Kolouri, Park, Rohde, IEEE TIP, 2016]
[Park, Kolouri, Kundu, Rohde, ACHA 18]
[Rubaiyat et al, IEEE TSP, 20]
[Aldroubi, Li, Rohde, SaSiDa, 21]
[Shifat-E-Rabbi et al, Rohde, JMIV 21]
[Aldroubi et al, AIMS Foundations of Data Science, 22]

estimation, 
detection,

inverse problems, 
classification
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s
<latexit sha1_base64="Bs6FvmwIbZe+tPKyNsVuikC2OG4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A2yOM6w==</latexit>

ŝ(!)ĥ(!) = f̂(!)
<latexit sha1_base64="5qy2YOEFGydOva9NeUMMRR8XgAA=">AAACGnicbVDLSgMxFM34rPU16tJNsAh1U2aqoBuh4MZlBfuAzlAyaaYTmkyGJCOUod/hxl9x40IRd+LGvzGdDj5aDwTOPedebu4JEkaVdpxPa2l5ZXVtvbRR3tza3tm19/bbSqQSkxYWTMhugBRhNCYtTTUj3UQSxANGOsHoaup37ohUVMS3epwQn6NhTEOKkTZS33a9COlMTaqe4GSITmBeRz/15UwJv5W+XXFqTg64SNyCVECBZt9+9wYCp5zEGjOkVM91Eu1nSGqKGZmUvVSRBOERGpKeoTHiRPlZftoEHhtlAEMhzYs1zNXfExniSo15YDo50pGa96bif14v1eGFn9E4STWJ8WxRmDKoBZzmBAdUEqzZ2BCEJTV/hThCEmFt0iybENz5kxdJu15zT2v1m7NKo17EUQKH4AhUgQvOQQNcgyZoAQzuwSN4Bi/Wg/VkvVpvs9Ylq5g5AH9gfXwBI/6gPA==</latexit>

ŝ(!) = f̂(!)/ĥ(!)
<latexit sha1_base64="XLdn1sHDtXjiMZ5mPKfXNn+sv20=">AAACGnicbVDLSgMxFM3UV62vUZdugkWomzpTBd0IBTcuK9gHdIaSSTNtaDIZkoxQhn6HG3/FjQtF3Ikb/8Z0OhRtPRA495x7ubkniBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0lEgkJk0smJCdACnCaESammpGOrEkiAeMtIPRzdRvPxCpqIju9TgmPkeDiIYUI22knu16Q6RTNal4gpMBOoXXMFPCuXKW1cN53bPLTtXJAJeJm5MyyNHo2Z9eX+CEk0hjhpTquk6s/RRJTTEjk5KXKBIjPEID0jU0QpwoP81Om8ATo/RhKKR5kYaZ+nsiRVypMQ9MJ0d6qBa9qfif1010eOWnNIoTTSI8WxQmDGoBpznBPpUEazY2BGFJzV8hHiKJsDZplkwI7uLJy6RVq7rn1drdRbley+MogiNwDCrABZegDm5BAzQBBo/gGbyCN+vJerHerY9Za8HKZw7BH1hfPzWtoEs=</latexit>

Z
s(u)h(t� u)du = f(t)

<latexit sha1_base64="pYq/pLW+GlCO3xEk+gKgAALK4kk=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBYhXViSKuhGKLhxWcE+oA1lMpm0QycPZm6EEgpu/BU3LhRx60+482+ctllo64FhDufcy733eIngCmz72yisrK6tbxQ3S1vbO7t75v5BS8WppKxJYxHLjkcUEzxiTeAgWCeRjISeYG1vdDP12w9MKh5H9zBOmBuSQcQDTgloqW8e9XgEWFlpBQ8tONOfn+JrHFhQ6Ztlu2rPgJeJk5MyytHom189P6ZpyCKggijVdewE3IxI4FSwSamXKpYQOiID1tU0IiFTbja7YYJPteLjIJb66Y1m6u+OjIRKjUNPV4YEhmrRm4r/ed0Ugis341GSAovofFCQCgwxngaCfS4ZBTHWhFDJ9a6YDokkFHRsJR2Cs3jyMmnVqs55tXZ3Ua7X8jiK6BidIAs56BLV0S1qoCai6BE9o1f0ZjwZL8a78TEvLRh5zyH6A+PzBx6llTM=</latexit>

signal domain transform domain signal domain

Fourier transform: forward inverse

difficult to solve easier to solve

ŝ(!) =

Z
s(t)e�jwtdt

<latexit sha1_base64="eM3tUAlIfYGlsTjWg7T1OHl8KYg=">AAACEnicbVDJSgNBEO2JW4xb1KOXxiAkB8NMFPQiBLx4jGAWyMTQ06kkbXoWumuUMOQbvPgrXjwo4tWTN//GznLQxAcFj/eqqKrnRVJotO1vK7W0vLK6ll7PbGxube9kd/dqOowVhyoPZagaHtMgRQBVFCihESlgvieh7g0ux379HpQWYXCDwwhaPusFois4QyO1swW3zzDRo7wb+tBjBXpBXREg1XksULhNju/oA8UR7WA7m7OL9gR0kTgzkiMzVNrZL7cT8tiHALlkWjcdO8JWwhQKLmGUcWMNEeMD1oOmoQHzQbeSyUsjemSUDu2GypQ5Z6L+nkiYr/XQ90ynz7Cv572x+J/XjLF73kpEEMUIAZ8u6saSYkjH+dCOUMBRDg1hXAlzK+V9phhHk2LGhODMv7xIaqWic1IsXZ/myqVZHGlyQA5JnjjkjJTJFamQKuHkkTyTV/JmPVkv1rv1MW1NWbOZffIH1ucPeOCcBA==</latexit>

transform

New signal transform

s(t) =
d

dt
(ŝ)�1

<latexit sha1_base64="mxEqGEvG5fxl1Y3KfYgNaHKTyuE=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUFICsNuFLURAjaWEcwDsmuYnZ1Nhsw+mLkrhGV7G3/FxkIRW3/Azr9x8ig08cCFwzn3cu89biy4AtP8NnIrq2vrG/nNwtb2zu5ecf+graJEUtaikYhk1yWKCR6yFnAQrBtLRgJXsI47up74nQcmFY/COxjHzAnIIOQ+pwS01C+WVAWq+ArbviQ09bLUgwxX7CGBVGXV+/TEyvrFslkzp8DLxJqTMpqj2S9+2V5Ek4CFQAVRqmeZMTgpkcCpYFnBThSLCR2RAetpGpKAKSed/pLhY6142I+krhDwVP09kZJAqXHg6s6AwFAtehPxP6+XgH/ppDyME2AhnS3yE4EhwpNgsMcloyDGmhAqub4V0yHRqYCOr6BDsBZfXibtes06rdVvz8qN83kceXSESqiCLHSBGugGNVELUfSIntErejOejBfj3fiYteaM+cwh+gPj8wdhNpn5</latexit>

forward

inverse

signal domain transform domain

difficult to solve easier to solve

<latexit sha1_base64="u7SIEbQVzMvXu1pIx3AeJvbmuOU="></latexit>

s(t) =
1

2⇡

Z
ŝ(!)ek!td!



Outline

• 1D case
– CDT, SCDT
– Connections with optimal transport

• N-D case
– R-CDT, LOT
– Connections with optimal transport
– Related work
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1-D Transport transform

𝑥

𝑠(𝑥)
Signal (PDF)

transform equations

forward

inverse

Consider a map           ,   such that

Let                               and (PDFs)

𝑥

𝑆(𝑥)

CDFantiderivative

transform of 

𝑠̂ 𝑥 = 𝑆!"(𝑥)

CDT

and                             . Eg.:  Let                    .  Then,

cumulative distribution transform (CDT)

[Park, Kolouri, Kundu, Rohde, ACHA 2018]



CDT: invertible (nonlinear) signal transform

(smooth) 
Probability 

density functions

Diffeomorphisms

forward inverse

<latexit sha1_base64="lddt4Q98Xy/YSJqmaTG94poMFmA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJJF19uhyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5p1vM4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBfvKN2Q==</latexit>

s(x)

<latexit sha1_base64="yUaXGUYvNwCkYqPCWMk1IHLDprU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKvZbHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f5PGM9w==</latexit>x
<latexit sha1_base64="4YW2dtWi4EZg00yYqNRNWgsiRnM=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4s0K9gOaWDbbTbt0dxN2N0oI/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHCmjet+Oyura+sbm6Wt8vbO7t5+5eCwreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vp76nUeqNIvlvckSGgg8lCxiBBsrPWTIZxL5t4IOcd/tV6puzZ0BLROvIFUo0OxXvvxBTFJBpSEca93z3MQEOVaGEU4nZT/VNMFkjIe0Z6nEguogn109QadWGaAoVrakQTP190SOhdaZCG2nwGakF72p+J/XS010FeRMJqmhkswXRSlHJkbTCNCAKUoMzyzBRDF7KyIjrDAxNqiyDcFbfHmZtM9r3kWtflevNupFHCU4hhM4Aw8uoQE30IQWEFDwDK/w5jw5L8678zFvXXGKmSP4A+fzB2HCkcE=</latexit>

y 2 ⌦0
<latexit sha1_base64="c+0HGTzpQR44tdt1G1ZmmnIUDcc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF29WsB/QhLLZTtqlm03Y3Yil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIejm5nffkSleSIfzDjFIKYDySPOqLGS/0R8Lol/F+OA9soVt+rOQVaJl5MK5Gj0yl9+P2FZjNIwQbXuem5qgglVhjOB05KfaUwpG9EBdi2VNEYdTOY3T8mZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vG5moutgwmWaGZRssSjKBDEJmQVA+lwhM2JsCWWK21sJG1JFmbExlWwI3vLLq6R1UfUuq7X7WqVey+Mowgmcwjl4cAV1uIUGNIFBCs/wCm9O5rw4787HorXg5DPH8AfO5w80sZEd</latexit>

x 2 ⌦

<latexit sha1_base64="iX1JWDpD1f1ldhPbc1HC+rsXKJw=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitJsyI0XdCAU3LivYC7TjkEkzbWiSGZKMMAxdufFV3LhQxK3P4M63MW1noa0HEj7+/xyS8wcxo0o7zrdVWFldW98obpa2tnd29+z9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfh66nceiFQ0Enc6jYnH0VDQkGKkjeTbx+F91o8l5WRSSauqEpq7Cq+g8h1Dvl12as6s4DK4OZRBXk3f/uoPIpxwIjRmSKme68Tay5DUFDMyKfUTRWKEx2hIegYF4kR52WyNCTw1ygCGkTRHaDhTf09kiCuV8sB0cqRHatGbiv95vUSHl15GRZxoIvD8oTBhUEdwmgkcUEmwZqkBhCU1f4V4hCTC2iRXMiG4iysvQ/us5p7X6rf1cqOex1EER+AEVIALLkAD3IAmaAEMHsEzeAVv1pP1Yr1bH/PWgpXPHII/ZX3+AET2lwQ=</latexit>

f 0(y)s(f(y)) = s0(y)
<latexit sha1_base64="kNAc1Ni59iO7JkLIeB+CfTVeF5k=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EitJuSSFE3QsGNy0qtLbQhTKaTduhkEmYmhRD6Jm5cKOLWN3Hn2zi9LLT1h4GP/5zDOfMHCWdKO863VdjY3NreKe6W9vYPDo/s45MnFaeS0DaJeSy7AVaUM0HbmmlOu4mkOAo47QTju1m9M6FSsVg86iyhXoSHgoWMYG0s37ZblbCSVavoFrV8x5Bvl52aMxdaB3cJZViq6dtf/UFM0ogKTThWquc6ifZyLDUjnE5L/VTRBJMxHtKeQYEjqrx8fvkUXRhngMJYmic0mru/J3IcKZVFgemMsB6p1drM/K/WS3V44+VMJKmmgiwWhSlHOkazGNCASUo0zwxgIpm5FZERlphoE1bJhOCufnkdni5r7lWt/lAvN+rLOIpwBudQAReuoQH30IQ2EJjAM7zCm5VbL9a79bFoLVjLmVP4I+vzB/s3kUM=</latexit>

S(f(y)) = S0(y)
<latexit sha1_base64="4YW2dtWi4EZg00yYqNRNWgsiRnM=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4s0K9gOaWDbbTbt0dxN2N0oI/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHCmjet+Oyura+sbm6Wt8vbO7t5+5eCwreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vp76nUeqNIvlvckSGgg8lCxiBBsrPWTIZxL5t4IOcd/tV6puzZ0BLROvIFUo0OxXvvxBTFJBpSEca93z3MQEOVaGEU4nZT/VNMFkjIe0Z6nEguogn109QadWGaAoVrakQTP190SOhdaZCG2nwGakF72p+J/XS010FeRMJqmhkswXRSlHJkbTCNCAKUoMzyzBRDF7KyIjrDAxNqiyDcFbfHmZtM9r3kWtflevNupFHCU4hhM4Aw8uoQE30IQWEFDwDK/w5jw5L8678zFvXXGKmSP4A+fzB2HCkcE=</latexit>

y 2 ⌦0

<latexit sha1_base64="nPKErUBaGq2FrzpZ/nWfi6ZkvVM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSvqp619Vas1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD5nWM+A==</latexit>y

<latexit sha1_base64="+w4LlRVARdqdzVq+oAWN2Di+BWE=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EghePFewHtEvJptk2NJusSVZclv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjdTv/1IlWZS3Js0pn6Eh4KFjGBjpc4TukZhJT3rl8pu1Z0BLRMvJ2XI0eiXvnoDSZKICkM41rrrubHxM6wMI5xOir1E0xiTMR7SrqUCR1T72ezeCTq1ygCFUtkSBs3U3xMZjrROo8B2RtiM9KI3Ff/zuokJr/yMiTgxVJD5ojDhyEg0fR4NmKLE8NQSTBSztyIywgoTYyMq2hC8xZeXSeu86l1Ua3e1cr2Wx1GAYziBCnhwCXW4hQY0gQCHZ3iFN+fBeXHenY9564qTzxzBHzifP3l7juo=</latexit>

x = f(y)
<latexit sha1_base64="l2SU54baL43epx13zZxdYqu0md4=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4KokUFVcFN+6sYB/QhjKZTtKh8wgzE6WELt34K25cKOLWT3Dn3zhtI2jrgQuHc+7l3nvChFFtPO/LWVhcWl5ZLawV1zc2t7bdnd2GlqnCpI4lk6oVIk0YFaRuqGGklSiCeMhIMxxcjv3mHVGaSnFrhgkJOIoFjShGxkpd9yCCF7BzzUmMuh7sKBr3DVJK3v+IbskrexPAeeLnpARy1LruZ6cnccqJMJghrdu+l5ggQ8pQzMio2Ek1SRAeoJi0LRWIEx1kk0dG8MgqPRhJZUsYOFF/T2SIaz3koe3kyPT1rDcW//PaqYnOg4yKJDVE4OmiKGXQSDhOBfaoItiwoSUIK2pvhbiPFMLGZle0IfizL8+TxknZPy1XbiqlaiWPowD2wSE4Bj44A1VwBWqgDjB4AE/gBbw6j86z8+a8T1sXnHxmD/yB8/ENEZ6Yug==</latexit>

f : ⌦0 ! ⌦

<latexit sha1_base64="lddt4Q98Xy/YSJqmaTG94poMFmA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJJF19uhyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5p1vM4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBfvKN2Q==</latexit>

s(x)

<latexit sha1_base64="laRAF2Xu+ou4O2YSrA6c3L9J+AQ=">AAAB+HicbVBNS8NAEJ34WetHox69BItQLyWRol6EghePFewHtKVstpt26WYTdidCDP0lXjwo4tWf4s1/47bNQVsfzPB4b4adfX4suEbX/bbW1jc2t7YLO8Xdvf2Dkn141NJRoihr0khEquMTzQSXrIkcBevEipHQF6ztT25nfvuRKc0j+YBpzPohGUkecErQSAO71BsTzPS0kp7fBKYN7LJbdedwVomXkzLkaAzsr94woknIJFJBtO56boz9jCjkVLBpsZdoFhM6ISPWNVSSkOl+Nj986pwZZegEkTIl0ZmrvzcyEmqdhr6ZDAmO9bI3E//zugkG1/2MyzhBJunioSARDkbOLAVnyBWjKFJDCFXc3OrQMVGEosmqaELwlr+8SloXVe+yWruvleu1PI4CnMApVMCDK6jDHTSgCRQSeIZXeLOerBfr3fpYjK5Z+c4x/IH1+QPCOZJ3</latexit>

ŝ(y) = f(y)

<latexit sha1_base64="laRAF2Xu+ou4O2YSrA6c3L9J+AQ=">AAAB+HicbVBNS8NAEJ34WetHox69BItQLyWRol6EghePFewHtKVstpt26WYTdidCDP0lXjwo4tWf4s1/47bNQVsfzPB4b4adfX4suEbX/bbW1jc2t7YLO8Xdvf2Dkn141NJRoihr0khEquMTzQSXrIkcBevEipHQF6ztT25nfvuRKc0j+YBpzPohGUkecErQSAO71BsTzPS0kp7fBKYN7LJbdedwVomXkzLkaAzsr94woknIJFJBtO56boz9jCjkVLBpsZdoFhM6ISPWNVSSkOl+Nj986pwZZegEkTIl0ZmrvzcyEmqdhr6ZDAmO9bI3E//zugkG1/2MyzhBJunioSARDkbOLAVnyBWjKFJDCFXc3OrQMVGEosmqaELwlr+8SloXVe+yWruvleu1PI4CnMApVMCDK6jDHTSgCRQSeIZXeLOerBfr3fpYjK5Z+c4x/IH1+QPCOZJ3</latexit>

ŝ(y) = f(y)

<latexit sha1_base64="nPKErUBaGq2FrzpZ/nWfi6ZkvVM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSvqp619Vas1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD5nWM+A==</latexit>y

<latexit sha1_base64="Lvww3z/SpDTbSZnDw8a+/E2NHq8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabaNzSZLkhWWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Hbud5+o0kyKB5PG1I/wWLCQEWys1NFDt5peDssVt+YugNaJl5MK5GgNy1+DkSRJRIUhHGvd99zY+BlWhhFOZ6VBommMyRSPad9SgSOq/Wxx7QxdWGWEQqlsCYMW6u+JDEdap1FgOyNsJnrVm4v/ef3EhDd+xkScGCrIclGYcGQkmr+ORkxRYnhqCSaK2VsRmWCFibEBlWwI3urL66RzVfMatfp9vdKs53EU4QzOoQoeXEMT7qAFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wemCo59</latexit>

s0(y)



CDT properties: composition

Composition:
<latexit sha1_base64="lddt4Q98Xy/YSJqmaTG94poMFmA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJJF19uhyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5p1vM4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBfvKN2Q==</latexit>

s(x)
<latexit sha1_base64="c+0HGTzpQR44tdt1G1ZmmnIUDcc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF29WsB/QhLLZTtqlm03Y3Yil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIejm5nffkSleSIfzDjFIKYDySPOqLGS/0R8Lol/F+OA9soVt+rOQVaJl5MK5Gj0yl9+P2FZjNIwQbXuem5qgglVhjOB05KfaUwpG9EBdi2VNEYdTOY3T8mZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vG5moutgwmWaGZRssSjKBDEJmQVA+lwhM2JsCWWK21sJG1JFmbExlWwI3vLLq6R1UfUuq7X7WqVey+Mowgmcwjl4cAV1uIUGNIFBCs/wCm9O5rw4787HorXg5DPH8AfO5w80sZEd</latexit>

x 2 ⌦
<latexit sha1_base64="o+Sd+AMgxboL4TgJZCNmCw+bl5E=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCF48V7Ae2oWy223bpZhN2J0II/RdePCji1X/jzX/jts1BWx8MPN6bYWZeEEth0HW/nbX1jc2t7cJOcXdv/+CwdHTcMlGiGW+ySEa6E1DDpVC8iQIl78Sa0zCQvB1Mbmd++4lrIyL1gGnM/ZCOlBgKRtFKj70xxcxMK+lFv1R2q+4cZJV4OSlDjka/9NUbRCwJuUImqTFdz43Rz6hGwSSfFnuJ4TFlEzriXUsVDbnxs/nFU3JulQEZRtqWQjJXf09kNDQmDQPbGVIcm2VvJv7ndRMc3viZUHGCXLHFomEiCUZk9j4ZCM0ZytQSyrSwtxI2ppoytCEVbQje8surpHVZ9a6qtftauV7L4yjAKZxBBTy4hjrcQQOawEDBM7zCm2OcF+fd+Vi0rjn5zAn8gfP5A1JMkKc=</latexit>

ŝ(y)
<latexit sha1_base64="4YW2dtWi4EZg00yYqNRNWgsiRnM=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4s0K9gOaWDbbTbt0dxN2N0oI/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHCmjet+Oyura+sbm6Wt8vbO7t5+5eCwreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vp76nUeqNIvlvckSGgg8lCxiBBsrPWTIZxL5t4IOcd/tV6puzZ0BLROvIFUo0OxXvvxBTFJBpSEca93z3MQEOVaGEU4nZT/VNMFkjIe0Z6nEguogn109QadWGaAoVrakQTP190SOhdaZCG2nwGakF72p+J/XS010FeRMJqmhkswXRSlHJkbTCNCAKUoMzyzBRDF7KyIjrDAxNqiyDcFbfHmZtM9r3kWtflevNupFHCU4hhM4Aw8uoQE30IQWEFDwDK/w5jw5L8678zFvXXGKmSP4A+fzB2HCkcE=</latexit>

y 2 ⌦0

<latexit sha1_base64="CSjZ4tEcYDzhlE67BK9fChuHrRU="></latexit>Z bs(y)

�1
s(u)du =

Z bsg(y)

�1
sg(u)du =

Z y

�1
s0(u)du

<latexit sha1_base64="l4UOcvqfspmXSoUYtPN5J1xdV30="></latexit>

g (bsg(x)) = bs(x) =) bsg(x) = g�1 (bs(x)) or, bsg = g�1 � bs

Conclusion: the CDT of                                                               is given by: 
<latexit sha1_base64="N/C56ydKDc9qPsOA7uhDiNliQVI=">AAACD3icbVDLSgMxFM3UV62vUZdugkVtQcqMFHUjFNy4s4J9QKcMmTQzDc1khiQjLUP/wI2/4saFIm7duvNvzLRdaOuBkJNz7uXmHi9mVCrL+jZyS8srq2v59cLG5tb2jrm715RRIjBp4IhFou0hSRjlpKGoYqQdC4JCj5GWN7jO/NYDEZJG/F6NYtINUcCpTzFSWnLNY+kGpWEZXsHgJLtlKXuWT+EQOpRD5zYkAXID1yxaFWsCuEjsGSmCGequ+eX0IpyEhCvMkJQd24pVN0VCUczIuOAkksQID1BAOppyFBLZTSf7jOGRVnrQj4Q+XMGJ+rsjRaGUo9DTlSFSfTnvZeJ/XidR/mU3pTxOFOF4OshPGFQRzMKBPSoIVmykCcKC6r9C3EcCYaUjLOgQ7PmVF0nzrGKfV6p31WKtOosjDw7AISgBG1yAGrgBddAAGDyCZ/AK3own48V4Nz6mpTlj1rMP/sD4/AG3Z5lO</latexit>

sg(x) = g0(x)s(g(x)), x 2 ⌦g

<latexit sha1_base64="h0+81+3LsFhb1Jx5HzH49p2acnM=">AAACIHicbZDLSsNAFIYnXmu9VV26GSxCBS2JFHUjCG7cWcFWoYlhMjlNh04mYWaihNBHceOruHGhiO70aZxeFt5+GPj5zjmcOX+Qcqa0bX9YU9Mzs3PzpYXy4tLyymplbb2tkkxSaNGEJ/I6IAo4E9DSTHO4TiWQOOBwFfRPh/WrW5CKJeJS5yl4MYkE6zJKtEF+5dC9YyH0iC7UwI9q+c5xdFPsOYPaN27ozi7OscsEds9jiIhv+5WqXbdHwn+NMzFVNFHTr7y7YUKzGISmnCjVcexUewWRmlEOg7KbKUgJ7ZMIOsYKEoPyitGBA7xtSIi7iTRPaDyi3ycKEiuVx4HpjInuqd+1Ifyv1sl098grmEgzDYKOF3UzjnWCh2nhkEmgmufGECqZ+SumPSIJ1SbTsgnB+X3yX9PerzsH9cZFo3rSmMRRQptoC9WQgw7RCTpDTdRCFN2jR/SMXqwH68l6td7GrVPWZGYD/ZD1+QUPzKI1</latexit>

bsg(y) = g�1(bs(y)), y 2 ⌦0

<latexit sha1_base64="N/C56ydKDc9qPsOA7uhDiNliQVI=">AAACD3icbVDLSgMxFM3UV62vUZdugkVtQcqMFHUjFNy4s4J9QKcMmTQzDc1khiQjLUP/wI2/4saFIm7duvNvzLRdaOuBkJNz7uXmHi9mVCrL+jZyS8srq2v59cLG5tb2jrm715RRIjBp4IhFou0hSRjlpKGoYqQdC4JCj5GWN7jO/NYDEZJG/F6NYtINUcCpTzFSWnLNY+kGpWEZXsHgJLtlKXuWT+EQOpRD5zYkAXID1yxaFWsCuEjsGSmCGequ+eX0IpyEhCvMkJQd24pVN0VCUczIuOAkksQID1BAOppyFBLZTSf7jOGRVnrQj4Q+XMGJ+rsjRaGUo9DTlSFSfTnvZeJ/XidR/mU3pTxOFOF4OshPGFQRzMKBPSoIVmykCcKC6r9C3EcCYaUjLOgQ7PmVF0nzrGKfV6p31WKtOosjDw7AISgBG1yAGrgBddAAGDyCZ/AK3own48V4Nz6mpTlj1rMP/sD4/AG3Z5lO</latexit>

sg(x) = g0(x)s(g(x)), x 2 ⌦gwhat is the CDT of                                                                ?  

<latexit sha1_base64="w+J48wC/ZytawiCDjMsV8XVSpV8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJexKUC9CwIvHCOYByRJmJ5NkyOzsOtMbCEt+wosHRbz6O978GyfJHjSxoKGo6qa7K4ilMOi6387a+sbm1nZuJ7+7t39wWDg6bpgo0YzXWSQj3Qqo4VIoXkeBkrdizWkYSN4MRnczvznm2ohIPeIk5n5IB0r0BaNopdaglFyQWzLuFopu2Z2DrBIvI0XIUOsWvjq9iCUhV8gkNabtuTH6KdUomOTTfCcxPKZsRAe8bamiITd+Or93Ss6t0iP9SNtSSObq74mUhsZMwsB2hhSHZtmbif957QT7N34qVJwgV2yxqJ9IghGZPU96QnOGcmIJZVrYWwkbUk0Z2ojyNgRv+eVV0rgse1flykOlWK1kceTgFM6gBB5cQxXuoQZ1YCDhGV7hzXlyXpx352PRuuZkMyfwB87nD3HbjuU=</latexit>

g(u) = v
<latexit sha1_base64="HFP29zB/Ic4EX8mm97FxVdpy7N8=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDjJexKUC9CwIvHCOYByRJmZ2eTIbOzyzwCYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3BSlnSrvut7O2vrG5tV3YKe7u7R8clo6OWyoxktAmSXgiOwFWlDNBm5ppTjuppDgOOG0Ho/uZ3x5TqVginvQkpX6MB4JFjGBtpd7gomIuQ4PuUDjul8pu1Z0DrRIvJ2XI0eiXvnphQkxMhSYcK9X13FT7GZaaEU6nxZ5RNMVkhAe0a6nAMVV+Nr95is6tEqIokbaERnP190SGY6UmcWA7Y6yHatmbif95XaOjWz9jIjWaCrJYFBmOdIJmAaCQSUo0n1iCiWT2VkSGWGKibUxFG4K3/PIqaV1Vvetq7bFWrtfyOApwCmdQAQ9uoA4P0IAmEEjhGV7hzTHOi/PufCxa15x85gT+wPn8ASxikHE=</latexit>

g0(u)du = dvchange of variables

<latexit sha1_base64="PuMzGzEY123UwybKflW+Ptbfyi0="></latexit>Z bs(y)

�1
s(u)du =

Z bsg(y)

�1
g0(u)s(g(u))du

<latexit sha1_base64="ngawV0JCYwYfE3+a/H651nQUhGk="></latexit>Z bs(y)

�1
s(u)du =

Z g(bsg(y))

�1
s(v)dv
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CDT Properties



1D optimal transport

<latexit sha1_base64="lddt4Q98Xy/YSJqmaTG94poMFmA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJJF19uhyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9vl5p1vM4inAG51AFD66hCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBfvKN2Q==</latexit>

s(x)

<latexit sha1_base64="yUaXGUYvNwCkYqPCWMk1IHLDprU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKvZbHUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f5PGM9w==</latexit>x
<latexit sha1_base64="nPKErUBaGq2FrzpZ/nWfi6ZkvVM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSvqp619Vas1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD5nWM+A==</latexit>y

<latexit sha1_base64="Lvww3z/SpDTbSZnDw8a+/E2NHq8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabaNzSZLkhWWpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POlomitA2kVyqXoA15UzQtmGG016sKI4CTrvB9Hbud5+o0kyKB5PG1I/wWLCQEWys1NFDt5peDssVt+YugNaJl5MK5GgNy1+DkSRJRIUhHGvd99zY+BlWhhFOZ6VBommMyRSPad9SgSOq/Wxx7QxdWGWEQqlsCYMW6u+JDEdap1FgOyNsJnrVm4v/ef3EhDd+xkScGCrIclGYcGQkmr+ORkxRYnhqCSaK2VsRmWCFibEBlWwI3urL66RzVfMatfp9vdKs53EU4QzOoQoeXEMT7qAFbSDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wemCo59</latexit>

s0(y)

<latexit sha1_base64="nPKErUBaGq2FrzpZ/nWfi6ZkvVM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsp+3azSbsboQQ+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikraNEMWyxSESqG1CNgktsGW4EdmOFNAwEdoLp3dzvPKHSPJIPJo3RD+lY8hFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHEkhClYYJq3fPc2PgZVYYzgbNSP9EYUzalY+xZKmmI2s8Wh87IhVWGZBQpW9KQhfp7IqOh1mkY2M6Qmole9ebif14vMaNbP+MyTgxKtlw0SgQxEZl/TYZcITMitYQyxe2thE2ooszYbEo2BG/15XXSvqp619Vas1ap1/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD5nWM+A==</latexit>y

<latexit sha1_base64="+w4LlRVARdqdzVq+oAWN2Di+BWE=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EghePFewHtEvJptk2NJusSVZclv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxjdTv/1IlWZS3Js0pn6Eh4KFjGBjpc4TukZhJT3rl8pu1Z0BLRMvJ2XI0eiXvnoDSZKICkM41rrrubHxM6wMI5xOir1E0xiTMR7SrqUCR1T72ezeCTq1ygCFUtkSBs3U3xMZjrROo8B2RtiM9KI3Ff/zuokJr/yMiTgxVJD5ojDhyEg0fR4NmKLE8NQSTBSztyIywgoTYyMq2hC8xZeXSeu86l1Ua3e1cr2Wx1GAYziBCnhwCXW4hQY0gQCHZ3iFN+fBeXHenY9564qTzxzBHzifP3l7juo=</latexit>

x = f(y)

<latexit sha1_base64="c+0HGTzpQR44tdt1G1ZmmnIUDcc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF29WsB/QhLLZTtqlm03Y3Yil9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6QaBZfYNNwI7KQKaRwKbIejm5nffkSleSIfzDjFIKYDySPOqLGS/0R8Lol/F+OA9soVt+rOQVaJl5MK5Gj0yl9+P2FZjNIwQbXuem5qgglVhjOB05KfaUwpG9EBdi2VNEYdTOY3T8mZVfokSpQtachc/T0xobHW4zi0nTE1Q73szcT/vG5moutgwmWaGZRssSjKBDEJmQVA+lwhM2JsCWWK21sJG1JFmbExlWwI3vLLq6R1UfUuq7X7WqVey+Mowgmcwjl4cAV1uIUGNIFBCs/wCm9O5rw4787HorXg5DPH8AfO5w80sZEd</latexit>

x 2 ⌦
<latexit sha1_base64="4YW2dtWi4EZg00yYqNRNWgsiRnM=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4s0K9gOaWDbbTbt0dxN2N0oI/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHCmjet+Oyura+sbm6Wt8vbO7t5+5eCwreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vp76nUeqNIvlvckSGgg8lCxiBBsrPWTIZxL5t4IOcd/tV6puzZ0BLROvIFUo0OxXvvxBTFJBpSEca93z3MQEOVaGEU4nZT/VNMFkjIe0Z6nEguogn109QadWGaAoVrakQTP190SOhdaZCG2nwGakF72p+J/XS010FeRMJqmhkswXRSlHJkbTCNCAKUoMzyzBRDF7KyIjrDAxNqiyDcFbfHmZtM9r3kWtflevNupFHCU4hhM4Aw8uoQE30IQWEFDwDK/w5jw5L8678zFvXXGKmSP4A+fzB2HCkcE=</latexit>

y 2 ⌦0

<latexit sha1_base64="l2SU54baL43epx13zZxdYqu0md4=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4KokUFVcFN+6sYB/QhjKZTtKh8wgzE6WELt34K25cKOLWT3Dn3zhtI2jrgQuHc+7l3nvChFFtPO/LWVhcWl5ZLawV1zc2t7bdnd2GlqnCpI4lk6oVIk0YFaRuqGGklSiCeMhIMxxcjv3mHVGaSnFrhgkJOIoFjShGxkpd9yCCF7BzzUmMuh7sKBr3DVJK3v+IbskrexPAeeLnpARy1LruZ6cnccqJMJghrdu+l5ggQ8pQzMio2Ek1SRAeoJi0LRWIEx1kk0dG8MgqPRhJZUsYOFF/T2SIaz3koe3kyPT1rDcW//PaqYnOg4yKJDVE4OmiKGXQSDhOBfaoItiwoSUIK2pvhbiPFMLGZle0IfizL8+TxknZPy1XbiqlaiWPowD2wSE4Bj44A1VwBWqgDjB4AE/gBbw6j86z8+a8T1sXnHxmD/yB8/ENEZ6Yug==</latexit>

f : ⌦0 ! ⌦Mapping function                                is unique.

<latexit sha1_base64="kNAc1Ni59iO7JkLIeB+CfTVeF5k=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EitJuSSFE3QsGNy0qtLbQhTKaTduhkEmYmhRD6Jm5cKOLWN3Hn2zi9LLT1h4GP/5zDOfMHCWdKO863VdjY3NreKe6W9vYPDo/s45MnFaeS0DaJeSy7AVaUM0HbmmlOu4mkOAo47QTju1m9M6FSsVg86iyhXoSHgoWMYG0s37ZblbCSVavoFrV8x5Bvl52aMxdaB3cJZViq6dtf/UFM0ogKTThWquc6ifZyLDUjnE5L/VTRBJMxHtKeQYEjqrx8fvkUXRhngMJYmic0mru/J3IcKZVFgemMsB6p1drM/K/WS3V44+VMJKmmgiwWhSlHOkazGNCASUo0zwxgIpm5FZERlphoE1bJhOCufnkdni5r7lWt/lAvN+rLOIpwBudQAReuoQH30IQ2EJjAM7zCm5VbL9a79bFoLVjLmVP4I+vzB/s3kUM=</latexit>

S(f(y)) = S0(y)
<latexit sha1_base64="4YW2dtWi4EZg00yYqNRNWgsiRnM=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4s0K9gOaWDbbTbt0dxN2N0oI/R9ePCji1f/izX/jts1BWx8MPN6bYWZemHCmjet+Oyura+sbm6Wt8vbO7t5+5eCwreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044vp76nUeqNIvlvckSGgg8lCxiBBsrPWTIZxL5t4IOcd/tV6puzZ0BLROvIFUo0OxXvvxBTFJBpSEca93z3MQEOVaGEU4nZT/VNMFkjIe0Z6nEguogn109QadWGaAoVrakQTP190SOhdaZCG2nwGakF72p+J/XS010FeRMJqmhkswXRSlHJkbTCNCAKUoMzyzBRDF7KyIjrDAxNqiyDcFbfHmZtM9r3kWtflevNupFHCU4hhM4Aw8uoQE30IQWEFDwDK/w5jw5L8678zFvXXGKmSP4A+fzB2HCkcE=</latexit>

y 2 ⌦0Integrate:
<latexit sha1_base64="iX1JWDpD1f1ldhPbc1HC+rsXKJw=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEitJsyI0XdCAU3LivYC7TjkEkzbWiSGZKMMAxdufFV3LhQxK3P4M63MW1noa0HEj7+/xyS8wcxo0o7zrdVWFldW98obpa2tnd29+z9g7aKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfh66nceiFQ0Enc6jYnH0VDQkGKkjeTbx+F91o8l5WRSSauqEpq7Cq+g8h1Dvl12as6s4DK4OZRBXk3f/uoPIpxwIjRmSKme68Tay5DUFDMyKfUTRWKEx2hIegYF4kR52WyNCTw1ygCGkTRHaDhTf09kiCuV8sB0cqRHatGbiv95vUSHl15GRZxoIvD8oTBhUEdwmgkcUEmwZqkBhCU1f4V4hCTC2iRXMiG4iysvQ/us5p7X6rf1cqOex1EER+AEVIALLkAD3IAmaAEMHsEzeAVv1pP1Yr1bH/PWgpXPHII/ZX3+AET2lwQ=</latexit>

f 0(y)s(f(y)) = s0(y)Differentiate:

<latexit sha1_base64="lbG80xokodpvaH8JWYtadWPhZzA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpQkFBVPBS8eK9gPaGPYbDft0s0m7G6EEvo3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMvCDhTGnb/rYKa+sbm1vF7dLO7t7+QfnwqK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw78ztPVCoWiwc9SagX4aFgISNYG6nf8d1Ht6oulG+f++WKXbPnQKvEyUkFcjT98ld/EJM0okITjpXqOXaivQxLzQin01I/VTTBZIyHtGeowBFVXja/eYrOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/83qpDq+9jIkk1VSQxaIw5UjHaBYAGjBJieYTQzCRzNyKyAhLTLSJqWRCcJZfXiVtt+Zc1ur39UrjJo+jCCdwClVw4AoacAdNaAGBBJ7hFd6s1Hqx3q2PRWvBymeO4Q+szx8H05Bd</latexit>

W 2
2 (s, s0)Squared Wasserstein distance

<latexit sha1_base64="DAMZLUTQKjh1GOEQJuAZpGQowVU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyWRouKp4MVjBfuBbSib7aZdutmE3YkQQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZ58eCa3Scb6uwtr6xuVXcLu3s7u0flA+P2jpKFGUtGolIdX2imeCStZCjYN1YMRL6gnX8ye3M7zwxpXkkHzCNmReSkeQBpwSN9NgfE8z0tJqeD8oVp+bMYa8SNycVyNEclL/6w4gmIZNIBdG65zoxehlRyKlg01I/0SwmdEJGrGeoJCHTXja/eGqfGWVoB5EyJdGeq78nMhJqnYa+6QwJjvWyNxP/83oJBtdexmWcIJN0sShIhI2RPXvfHnLFKIrUEEIVN7fadEwUoWhCKpkQ3OWXV0n7ouZe1ur39UrjJo+jCCdwClVw4QoacAdNaAEFCc/wCm+Wtl6sd+tj0Vqw8plj+APr8wdUGpCt</latexit>

ŝ(y)

Matching (optimal transport) cost:
<latexit sha1_base64="NgceDXeaJ7/Ev/VhRBpD7D9ePKY="></latexit>

Monge(f) =

Z

⌦0

|f(y)� y|2s0(y)dy
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Claim:
<latexit sha1_base64="Fc7OLPisJLsZ+wh4Xd8AJkA4mVo="></latexit>

W 2
2 (s1, s2) = k(ŝ1 � ŝ2)

p
s0k22

Proof:

<latexit sha1_base64="1sXZWF0OW2p+CWqos0SVXBW7nns="></latexit>

W 2
2 (s1, s2) =

Z

⌦1

(x� h(x))2s1(x)dx

<latexit sha1_base64="FlGo8mC/AADP83HV9ayIA1UF3Dc=">AAACB3icbZBNS8MwGMdTX+d8q3oUJDiE7TLaMaYXYeDF4wT3AlstaZauYWlaklQcZTcvfhUvHhTx6lfw5rcx3XrQzT8Efvk/z0Py/L2YUaks69tYWV1b39gsbBW3d3b39s2Dw46MEoFJG0csEj0PScIoJ21FFSO9WBAUeox0vfFVVu/eEyFpxG/VJCZOiEac+hQjpS3XPJGuXX6owEsY3A1iQUOS3aRbKwcaKq5ZsqrWTHAZ7BxKIFfLNb8GwwgnIeEKMyRl37Zi5aRIKIoZmRYHiSQxwmM0In2NHIVEOulsjyk8084Q+pHQhys4c39PpCiUchJ6ujNEKpCLtcz8r9ZPlH/hpJTHiSIczx/yEwZVBLNQ4JAKghWbaEBYUP1XiAMkEFY6uqIOwV5ceRk6tardqNZv6qVmI4+jAI7BKSgDG5yDJrgGLdAGGDyCZ/AK3own48V4Nz7mrStGPnME/sj4/AH3B5bL</latexit>

s1(x) = h0(x)s2(h(x))Let
<latexit sha1_base64="CkQwCabA1Oe6wYQiWolE4BAI0uE=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHcWJJSqhuh4MZlBfuAJobJdNIMnUzCzEQoIXs3/oobF4q49Qfc+TdO2wjaeuDC4Zx7ufceP2FUKsv6MlZW19Y3Nktb5e2d3b198+CwK+NUYNLBMYtF30eSMMpJR1HFSD8RBEU+Iz1/fDX1e/dESBrzWzVJiBuhEacBxUhpyTMrTohUJnPPhpcwvMvO7Bw6mAoMf4y6Z1atmjUDXCZ2QaqgQNszP51hjNOIcIUZknJgW4lyMyQUxYzkZSeVJEF4jEZkoClHEZFuNvslhydaGcIgFrq4gjP190SGIiknka87I6RCuehNxf+8QaqCCzejPEkV4Xi+KEgZVDGcBgOHVBCs2EQThAXVt0IcIoGw0vGVdQj24svLpFuv2c1a46ZRbTWLOErgGFTAKbDBOWiBa9AGHYDBA3gCL+DVeDSejTfjfd66YhQzR+APjI9vY3+Z+w==</latexit>

ŝ1 = h�1 � ŝ2that is
<latexit sha1_base64="mdJa4YD4Or38m9Bge1ja+xvhgn8=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlKUTdCwY3LCvYBTQiT6aQZOnkwMxFK6MqNv+LGhSJu/QZ3/o3TNoK2HrhwOOde7r3HTzmTyrK+jNLK6tr6RnmzsrW9s7tn7h90ZJIJQtsk4Yno+VhSzmLaVkxx2ksFxZHPadcfXU/97j0VkiXxnRqn1I3wMGYBI1hpyTOPnRCrXE68OrpCIXIIEwT9aLZnVq2aNQNaJnZBqlCg5ZmfziAhWURjRTiWsm9bqXJzLBQjnE4qTiZpiskID2lf0xhHVLr57I0JOtXKAAWJ0BUrNFN/T+Q4knIc+bozwiqUi95U/M/rZyq4dHMWp5miMZkvCjKOVIKmmaABE5QoPtYEE8H0rYiEWGCidHIVHYK9+PIy6dRr9nmtcduoNhtFHGU4ghM4AxsuoAk30II2EHiAJ3iBV+PReDbejPd5a8koZg7hD4yPb96hmBM=</latexit>

ŝ2 = h � ŝ1

<latexit sha1_base64="kHt0EZqQlfN4NaLYggEy+KMMAyc=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mkqBeh4MVjBfsBbQib7aZdutmE3UkxhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0gE1+A439ba+sbm1nZpp7y7t39waB8dt3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsE47uZ35kwpXksHyFLmBeRoeQhpwSM5Nv2E77F/RGBXE99t5pd+HbFqTlz4FXiFqSCCjR9+6s/iGkaMQlUEK17rpOAlxMFnAo2LfdTzRJCx2TIeoZKEjHt5fPLp/jcKAMcxsqUBDxXf0/kJNI6iwLTGREY6WVvJv7n9VIIb7ycyyQFJuliUZgKDDGexYAHXDEKIjOEUMXNrZiOiCIUTFhlE4K7/PIqaV/W3Kta/aFeadSLOEroFJ2hKnLRNWqge9RELUTRBD2jV/Rm5daL9W59LFrXrGLmBP2B9fkDC0qSmQ==</latexit>

x = ŝ1(y)
change of variables:

<latexit sha1_base64="fjPP60V9KtAVLuh8kitMdCS/zcs=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQ9lsN+3SzSbsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFKj/0xxczMBt6gXHGr7gJknXg5qUCO5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9SxWNuPGzxcEzcmGVIQljbUshWai/JzIaGTONAtsZURybVW8u/uf1Ugxv/EyoJEWu2HJRmEqCMZl/T4ZCc4ZyagllWthbCRtTTRnajEo2BG/15XXSvqp69WrtvlZp1PM4inAG53AJHlxDA+6gCS1gEMEzvMKbo50X5935WLYWnHzmFP7A+fwB0o2QZQ==</latexit>

ŝ1
<latexit sha1_base64="hWhDPA/ZbcpRPHSdgZe6lLIB/os=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2bgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqlev1u5rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwNkjZg=</latexit>s1transform of

<latexit sha1_base64="K31TSiTJk8GCu0oOr/i+62QSALo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSlVI8FLx4r2FZpQ9lsN+3S3U3YnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgobm1vbO8Xd0t7+weFR+fikY+JUU9amsYj1Q0gME1yxNnIU7CHRjMhQsG44uZn73SemDY/VPU4TFkgyUjzilKCVHvtjgpmZDWqDcsWregu468TPSQVytAblr/4wpqlkCqkgxvR8L8EgIxo5FWxW6qeGJYROyIj1LFVEMhNki4Nn7oVVhm4Ua1sK3YX6eyIj0pipDG2nJDg2q95c/M/rpRhdBxlXSYpM0eWiKBUuxu78e3fINaMoppYQqrm91aVjoglFm1HJhuCvvrxOOrWq36jW7+qVZiOPowhncA6X4MMVNOEWWtAGChKe4RXeHO28OO/Ox7K14OQzp/AHzucP1BGQZg==</latexit>

ŝ2
<latexit sha1_base64="J9pZX/5Q0ZDFoibFqaD/q/JVtII=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKqR4LXjxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZn7j09cGxGrB5wm3I/oSIlQMIpWujeD2qBccavuAmSdeDmpQI7WoPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKpVb1GtX5XrzQbeRxFOINzuAQPrqAJt9CCNjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AEE6I2Z</latexit>s2transform of

<latexit sha1_base64="+xoD6p4mOa7Saxz2wwToFI+50zk="></latexit>

ŝ01(y)s1(ŝ1(y)) = ŝ02(y)s2(ŝ2(y)) = s0(y)

that is
<latexit sha1_base64="NawVuow19Ui44gLKjWnnRd6s1Bs=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvHizgv2Adi3ZNNuGJtklySrL0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyfXM7zxSpVkk700aU1/gkWQhI9hY6SFFfSZR/1bQER64g3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n82vnqIzqwxRGClb0qC5+nsiw0LrVAS2U2Az1sveTPzP6yUmvPIzJuPEUEkWi8KEIxOhWQRoyBQlhqeWYKKYvRWRMVaYGBtUyYbgLb+8StoXVa9erd3VKo16HkcRTuAUzsGDS2jADTShBQQUPMMrvDlPzovz7nwsWgtOPnMMf+B8/gBiXJHD</latexit>

y 2 ⌦0

Let
<latexit sha1_base64="aPz6UWGNWrRtXso4xOMxKIBpSaw=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CTMSVDwFvHgzglkgE4aaTidp0rPQXaOEId/gxV/x4kERr568+Td2FkETHxQ83quiql6QSKHRcb6shcWl5ZXV3Fp+fWNza9ve2a3pOFWMV1ksY9UIQHMpIl5FgZI3EsUhDCSvB/3LkV+/40qLOLrFQcJbIXQj0REM0Ei+fez1ADM99F16Qb3rkHfBd6inRLeHoFR8/yO6vl1wis4YdJ64U1IgU1R8+9NrxywNeYRMgtZN10mwlYFCwSQf5r1U8wRYH7q8aWgEIdetbPzSkB4apU07sTIVIR2rvycyCLUehIHpDAF7etYbif95zRQ7561MREmKPGKTRZ1UUozpKB/aFoozlANDgClhbqWsBwoYmhTzJgR39uV5UjspuqfF0k2pUC5N48iRfXJAjohLzkiZXJEKqRJGHsgTeSGv1qP1bL1Z75PWBWs6s0f+wPr4Br2KnNw=</latexit>

ŝ1 : ⌦0 ! ⌦1

<latexit sha1_base64="aPz6UWGNWrRtXso4xOMxKIBpSaw=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CTMSVDwFvHgzglkgE4aaTidp0rPQXaOEId/gxV/x4kERr568+Td2FkETHxQ83quiql6QSKHRcb6shcWl5ZXV3Fp+fWNza9ve2a3pOFWMV1ksY9UIQHMpIl5FgZI3EsUhDCSvB/3LkV+/40qLOLrFQcJbIXQj0REM0Ei+fez1ADM99F16Qb3rkHfBd6inRLeHoFR8/yO6vl1wis4YdJ64U1IgU1R8+9NrxywNeYRMgtZN10mwlYFCwSQf5r1U8wRYH7q8aWgEIdetbPzSkB4apU07sTIVIR2rvycyCLUehIHpDAF7etYbif95zRQ7561MREmKPGKTRZ1UUozpKB/aFoozlANDgClhbqWsBwoYmhTzJgR39uV5UjspuqfF0k2pUC5N48iRfXJAjohLzkiZXJEKqRJGHsgTeSGv1qP1bL1Z75PWBWs6s0f+wPr4Br2KnNw=</latexit>

ŝ1 : ⌦0 ! ⌦1use:
<latexit sha1_base64="Ynn3FbHoDD7siyO0AV9Zmzb3LQk=">AAACFnicbZBNS8MwGMfT+TbnW9Wjl+AQtoOjlTG9CAMvHie4F1hrSbN0C0vakqRCKfsUXvwqXjwo4lW8+W3MtiK6+YfAL//neUievx8zKpVlfRmFldW19Y3iZmlre2d3z9w/6MgoEZi0ccQi0fORJIyGpK2oYqQXC4K4z0jXH19N6917IiSNwluVxsTlaBjSgGKktOWZp84IqUxOPPvOiQXlpJJWpWdXfmx9r8JLKD1Lk2eWrZo1E1wGO4cyyNXyzE9nEOGEk1BhhqTs21as3AwJRTEjk5KTSBIjPEZD0tcYIk6km83WmsAT7QxgEAl9QgVn7u+JDHEpU+7rTo7USC7WpuZ/tX6iggs3o2GcKBLi+UNBwqCK4DQjOKCCYMVSDQgLqv8K8QgJhJVOsqRDsBdXXobOWc1u1Oo39XKzkcdRBEfgGFSADc5BE1yDFmgDDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzI+vgF7z52a</latexit>

ŝ01(y)s1(ŝ1(y)) = s0(y)
<latexit sha1_base64="mdJa4YD4Or38m9Bge1ja+xvhgn8=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlKUTdCwY3LCvYBTQiT6aQZOnkwMxFK6MqNv+LGhSJu/QZ3/o3TNoK2HrhwOOde7r3HTzmTyrK+jNLK6tr6RnmzsrW9s7tn7h90ZJIJQtsk4Yno+VhSzmLaVkxx2ksFxZHPadcfXU/97j0VkiXxnRqn1I3wMGYBI1hpyTOPnRCrXE68OrpCIXIIEwT9aLZnVq2aNQNaJnZBqlCg5ZmfziAhWURjRTiWsm9bqXJzLBQjnE4qTiZpiskID2lf0xhHVLr57I0JOtXKAAWJ0BUrNFN/T+Q4knIc+bozwiqUi95U/M/rZyq4dHMWp5miMZkvCjKOVIKmmaABE5QoPtYEE8H0rYiEWGCidHIVHYK9+PIy6dRr9nmtcduoNhtFHGU4ghM4AxsuoAk30II2EHiAJ3iBV+PReDbejPd5a8koZg7hD4yPb96hmBM=</latexit>

ŝ2 = h � ŝ1
<latexit sha1_base64="2zT6ryyRyPWT/kGCYPeyLiAV1o4="></latexit>

W 2
2 (s1, s2) =

Z

⌦0

(ŝ1(y)� ŝ2(y))
2s0(y)dy = k(ŝ1 � ŝ2)

p
s0k22

<latexit sha1_base64="OkPjp3KH81/4gEaqxliQJnfXIaw="></latexit>

W 2
2 (s1, s2) =

Z

ŝ�1
1 (⌦1)

(ŝ1(y)� h(ŝ1(y)))
2s1(ŝ1(y))ŝ

0
1(y)dy

Wasserstein embedding



Signed Cumulative Distribution Transform (SCDT)

Signal

Jordan Decomposition CDT

Aldroubi, Diaz Martin, Medri, Rohde, Thareja, The Signed Cumulative Distribution Transform for 1D signal analysis and classification, 
AIMS Foundations of Data Science, 2022

<latexit sha1_base64="b/HHuGP3Yy9Ed+A7gcQ5rBt9A7k="></latexit>

ŝ =
�
(s+)⇤, ks+kL1 , (s

�)⇤, ks�kL1

�



Generalized Inverse to Calculate SCDT

Cumulation 
of Signal Lack of monotonicity because of signal being zero due 

to Jordan Decomposition. Therefore, function inverse 
is not well defined.

Generalized Inverse:

<latexit sha1_base64="20Zdf8pj7YV4NdFaQvK+pFXxTaM="></latexit>

f†(y) = inf{x 2 R : f(x) � y}, y 2 R
<latexit sha1_base64="F5LkvVQxM7Ajfoi8xkb21vbKgyw=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiRXssePFYwX5AE8tmM2mXbjZhdyOE0L/hxYMiXv0z3vw3btsctPXBwOO9GWbm+QlnStv2t1Xa2Nza3invVvb2Dw6PqscnPRWnkkKXxjyWA58o4ExAVzPNYZBIIJHPoe9Pb+d+/wmkYrF40FkCXkTGgoWMEm0kN3x0AzIeg6xnl6NqzW7YC+B14hSkhgp0RtUvN4hpGoHQlBOlho6daC8nUjPKYVZxUwUJoVMyhqGhgkSgvHxx8wxfGCXAYSxNCY0X6u+JnERKZZFvOiOiJ2rVm4v/ecNUhy0vZyJJNQi6XBSmHOsYzwPAAZNANc8MIVQycyumEyIJ1SamignBWX15nfSuGs51o3nfrLVbRRxldIbOUR056Aa10R3qoC6iKEHP6BW9Wan1Yr1bH8vWklXMnKI/sD5/AG94kUU=</latexit>

f†(y)



Generalized Inverse to Calculate SCDT

Cumulation 
of Signal

Generalized Inverse:

Lack of monotonicity because of signal being zero due 
to Jordan Decomposition. Therefore, function inverse 
is not well defined.

<latexit sha1_base64="20Zdf8pj7YV4NdFaQvK+pFXxTaM="></latexit>

f†(y) = inf{x 2 R : f(x) � y}, y 2 R
<latexit sha1_base64="F5LkvVQxM7Ajfoi8xkb21vbKgyw=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBahXkoiRXssePFYwX5AE8tmM2mXbjZhdyOE0L/hxYMiXv0z3vw3btsctPXBwOO9GWbm+QlnStv2t1Xa2Nza3invVvb2Dw6PqscnPRWnkkKXxjyWA58o4ExAVzPNYZBIIJHPoe9Pb+d+/wmkYrF40FkCXkTGgoWMEm0kN3x0AzIeg6xnl6NqzW7YC+B14hSkhgp0RtUvN4hpGoHQlBOlho6daC8nUjPKYVZxUwUJoVMyhqGhgkSgvHxx8wxfGCXAYSxNCY0X6u+JnERKZZFvOiOiJ2rVm4v/ecNUhy0vZyJJNQi6XBSmHOsYzwPAAZNANc8MIVQycyumEyIJ1SamignBWX15nfSuGs51o3nfrLVbRRxldIbOUR056Aa10R3qoC6iKEHP6BW9Wan1Yr1bH8vWklXMnKI/sD5/AG94kUU=</latexit>

f†(y)



Signed Cumulative Distribution Transform (SCDT)

Aldroubi, Diaz Martin, Medri, Rohde, Thareja, The Signed Cumulative Distribution Transform for 1D signal analysis and classification, 
AIMS Foundations of Data Science, 2022

Signal

Jordan Decomposition CDT

Forward:
<latexit sha1_base64="b/HHuGP3Yy9Ed+A7gcQ5rBt9A7k="></latexit>

ŝ =
�
(s+)⇤, ks+kL1 , (s

�)⇤, ks�kL1

�

Inverse:

Composition:

<latexit sha1_base64="F+DFeIzxXiUA/LnVMwJELIUlLFE="></latexit>

s(t) =ks+kL1

⇣
(s+)⇤

†
(t)

⌘0
s0((s

+)⇤
†
(t))� ks�kL1

⇣
(s�)⇤

†
(t)

⌘0
s0((s

�)⇤
†
(t))

<latexit sha1_base64="YDvkAZLZgJxke06Qaq8UAkrVF/0="></latexit>

sg = g0s � g =) bsg =
�
g�1 � (s+)⇤, ks+kL1 , g

�1 � (s�)⇤, ks�kL1

�

Convexity:
<latexit sha1_base64="UmlBHr0AZSZzcPXKBFyWZTZJLLE="></latexit>

S = {sj |sj = g0j' � gj , 8gj 2 G}Let
<latexit sha1_base64="gcZbatK4Q9vrUR8eB0cUctvvhoM=">AAACI3icbVDLSsNAFJ3UV62vqks3g0VwVZJSVApCwY3LivYBTQiTybSddjIJMxOlhPyLG3/FjQuluHHhvzhtg4/WAwOHc85l7j1exKhUpvlh5FZW19Y38puFre2d3b3i/kFLhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oauq374mQNOR3ahwRJ0B9TnsUI6Ult1izH6hPBkgldoDUwPOS2zSFl9BOvg2ZusOadIc25fAnZKdusWSWzRngMrEyUgIZGm5xYvshjgPCFWZIyq5lRspJkFAUM5IW7FiSCOER6pOuphwFRDrJ7MYUnmjFh71Q6McVnKm/JxIUSDkOPJ2c7igXvan4n9eNVe/CSSiPYkU4nn/UixlUIZwWBn0qCFZsrAnCgupdIR4ggbDStRZ0CdbiycukVSlbZ+XqTbVUr2R15MEROAanwALnoA6uQQM0AQaP4Bm8gjfjyXgxJsb7PJozsplD8AfG5xcPMaW4</latexit>

bS = {bsj : sj 2 S}
<latexit sha1_base64="lhvSWYk8e6OPo6JNy4dNUkuBu2g=">AAACGXicbZDLSsNAFIYn9VbrLerSzWAR3FiSUlQEoeBClxXsBZoYJtNJO3YyCTMToYS8hhtfxY0LRVzqyrdxmnZRW38Y+PjPOcw5vx8zKpVl/RiFpeWV1bXiemljc2t7x9zda8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH16N6+1HIiSN+J0axcQNUZ/TgGKktOWZlhMiNcCIpdfZfXpiZ5dO2vcecrzQ4FAOZ1qczDPLVsXKBRfBnkIZTNXwzC+nF+EkJFxhhqTs2las3BQJRTEjWclJJIkRHqI+6WrkKCTSTfPLMniknR4MIqEfVzB3ZydSFEo5Cn3dOV5SztfG5n+1bqKCczelPE4U4XjyUZAwqCI4jgn2qCBYsZEGhAXVu0I8QAJhpcMs6RDs+ZMXoVWt2KeV2m2tXK9O4yiCA3AIjoENzkAd3IAGaAIMnsALeAPvxrPxanwYn5PWgjGd2Qd/ZHz/Aq5BoLA=</latexit>

G�1 = {g�1
j : gj 2 G}convex IFF convex.

New metric/distance:
for any reference

<latexit sha1_base64="WWTazVhtfRVLOmkafEgWmrr9lCs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atV3fvLSv0qj6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPwBEjZI=</latexit>s0

<latexit sha1_base64="byj+ZXs42juvQHIX2I7EajzbzV0="></latexit>

D2
S(s1, s2) := kŝ2 � ŝ2k(L2⇥R2) = W 2

2 (s
+
1 , s

+
2 ) +W 2

2 (s
�
1 , s

�
2 ) + �(ks+1 |L1 � ks+2 |L1)

2 + �(ks�1 |L1 � ks�2 |L1)
2
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Radon Transform
Forward

! = [sin ✓, cos ✓]T

Extension to 2d, 3d, …: Radon Cumulative distribution transform (R-CDT)

I(x)
<latexit sha1_base64="20+8AP6hMMTFnwAsqsP0ByRZoI0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY8KK3CvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJjeZ33mkSrNIPphpTH2BR5KFjGCTSXfVp/NBueLW3DnQKvFyUoEczUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhNe+ymTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14l7XrNu6jV7y8rDTePowgncApV8OAKGnALTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fO/iNpg==</latexit>

✓
<latexit sha1_base64="am7CgcymOdYdTyAIZFOpaT6RYfk=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzjiSHulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVTTmNszm107JuVP6ZKCNK4Vkrv6eyGhs7SSOXGdMcWSXvZn4n9dJcXATZkIlKXLFFosGqSSoyex10heGM5QTRygzwt1K2IgaytAFVHQhBMsvr5JmtRJcVqr3V+Wan8dRgFM4gwsI4BpqcAd1aACDR3iGV3jztPfivXsfi9Y1L585gT/wPn8An9uPGg==</latexit>

t
<latexit sha1_base64="TlQcnRKEy6QR5TQVZ5EXHegNlcU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipaQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3A2M6g==</latexit>

RI(✓, t)RI(✓, t) =

Z
I(x)�(t� ! · x)dx

<latexit sha1_base64="SIiCAJnZYl/5ntInwgPB85Kjqwk="></latexit>
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Forward

! = [sin ✓, cos ✓]T

I(x)
<latexit sha1_base64="20+8AP6hMMTFnwAsqsP0ByRZoI0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY8KK3CvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJjeZ33mkSrNIPphpTH2BR5KFjGCTSXfVp/NBueLW3DnQKvFyUoEczUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhNe+ymTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14l7XrNu6jV7y8rDTePowgncApV8OAKGnALTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fO/iNpg==</latexit>

✓
<latexit sha1_base64="am7CgcymOdYdTyAIZFOpaT6RYfk=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzjiSHulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVTTmNszm107JuVP6ZKCNK4Vkrv6eyGhs7SSOXGdMcWSXvZn4n9dJcXATZkIlKXLFFosGqSSoyex10heGM5QTRygzwt1K2IgaytAFVHQhBMsvr5JmtRJcVqr3V+Wan8dRgFM4gwsI4BpqcAd1aACDR3iGV3jztPfivXsfi9Y1L585gT/wPn8An9uPGg==</latexit>

t
<latexit sha1_base64="TlQcnRKEy6QR5TQVZ5EXHegNlcU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipaQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3A2M6g==</latexit>

RI(✓, t)RI(✓, t) =

Z
I(x)�(t� ! · x)dx

<latexit sha1_base64="SIiCAJnZYl/5ntInwgPB85Kjqwk="></latexit>

R�1
I (x) =

Z

Sd�1

(RI(·, ✓) ⇤ ⌘(·)) � (x · ✓)d✓
Inverse

ℛ ℛ!"

Filtered back-projection algorithm

Radon Transform

Extension to 2d, 3d, …: Radon Cumulative distribution transform (R-CDT)
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R�1
I (x) =

Z

Sd�1

(RI(·, ✓) ⇤ ⌘(·)) � (x · ✓)d✓

Forward

Inverse
! = [sin ✓, cos ✓]T

Extension to 2d, 3d: Radon Cumulative distribution transform (R-CDT)

I(x)
<latexit sha1_base64="20+8AP6hMMTFnwAsqsP0ByRZoI0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY8KK3CvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJjeZ33mkSrNIPphpTH2BR5KFjGCTSXfVp/NBueLW3DnQKvFyUoEczUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhNe+ymTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14l7XrNu6jV7y8rDTePowgncApV8OAKGnALTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fO/iNpg==</latexit>

✓
<latexit sha1_base64="am7CgcymOdYdTyAIZFOpaT6RYfk=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME84BkCbOTSTJmdmaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVqeG8QbTUpt2RC2XQvEGCpS8nRhO40jyVjS+nfmtJ26s0OoBJwkPYzpUYiAYRSc1uzjiSHulsl/x5yCrJMhJGXLUe6Wvbl+zNOYKmaTWdgI/wTCjBgWTfFrsppYnlI3pkHccVTTmNszm107JuVP6ZKCNK4Vkrv6eyGhs7SSOXGdMcWSXvZn4n9dJcXATZkIlKXLFFosGqSSoyex10heGM5QTRygzwt1K2IgaytAFVHQhBMsvr5JmtRJcVqr3V+Wan8dRgFM4gwsI4BpqcAd1aACDR3iGV3jztPfivXsfi9Y1L585gT/wPn8An9uPGg==</latexit>

t
<latexit sha1_base64="TlQcnRKEy6QR5TQVZ5EXHegNlcU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipaQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A3A2M6g==</latexit>

RI(✓, t)
apply CDT on projection

RI(✓, t) =

Z
I(x)�(t� ! · x)dx

<latexit sha1_base64="SIiCAJnZYl/5ntInwgPB85Kjqwk="></latexit>

Radon Cumulative Distribution Transform

t

✓
𝜃"

projection CDT

Radon CDT

𝜃"
✓

t

Radon Transform
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Radon Cumulative distribution transform (R-CDT)

t

✓
𝜃"

projection CDT

Radon CDT

𝜃"
✓

<latexit sha1_base64="ywZLDrcSbv++MQpTojZTdldkJE0=">AAACBXicbVDLSsNAFJ34rPUVdamLYBHqpiRSqhuh4MZlFfuAJpTJ5KYdOnkwM1FKyMaNv+LGhSJu/Qd3/o2TNgttPXDhcM693HuPGzMqpGl+a0vLK6tr66WN8ubW9s6uvrffEVHCCbRJxCLec7EARkNoSyoZ9GIOOHAZdN3xVe5374ELGoV3chKDE+BhSH1KsFTSQD+yH6gHkjIPUpFd2gGWI4JZeptVxelAr5g1cwpjkVgFqaACrYH+ZXsRSQIIJWFYiL5lxtJJMZeUMMjKdiIgxmSMh9BXNMQBCCedfpEZJ0rxDD/iqkJpTNXfEykOhJgErurMrxTzXi7+5/UT6V84KQ3jREJIZov8hBkyMvJIDI9yIJJNFMGEU3WrQUaYYyJVcGUVgjX/8iLpnNWsRq1+U680G0UcJXSIjlEVWegcNdE1aqE2IugRPaNX9KY9aS/au/Yxa13SipkD9Afa5w/b5JjD</latexit>

es = R(s)
<latexit sha1_base64="b6yIlruGNx72ley9bhpWAjUxpCA=">AAAB/nicbVBNS8NAEN34WetXVTx5CRahgpRESvVY8OKxgv2ANpTNZtos3WzC7kQpoeBf8eJBEa/+Dm/+G7cfB219MPB4b4aZeX4iuEbH+bZWVtfWNzZzW/ntnd29/cLBYVPHqWLQYLGIVdunGgSX0ECOAtqJAhr5Alr+8Gbitx5AaR7Lexwl4EV0IHmfM4pG6hWOu488gJBipsclvOhiCEjPe4WiU3amsJeJOydFMke9V/jqBjFLI5DIBNW64zoJehlVyJmAcb6bakgoG9IBdAyVNALtZdPzx/aZUQK7HytTEu2p+nsio5HWo8g3nRHFUC96E/E/r5Ni/9rLuExSBMlmi/qpsDG2J1nYAVfAUIwMoUxxc6vNQqooQ5NY3oTgLr68TJqXZbdartxVirXqPI4cOSGnpERcckVq5JbUSYMwkpFn8krerCfrxXq3PmatK9Z85oj8gfX5AxiSlYo=</latexit>

bs(t, ✓)
<latexit sha1_base64="z0iw7u65G8kuOpjARN0+t3x9MFQ="></latexit>Z bs(t,✓)

�1
es(u, ✓)du =

Z t

�1
es0(u, ✓)du, 8✓ 2 [0,⇡]

Inverse:
<latexit sha1_base64="Sfb8upotfPgwXwJ2J/UHAzINleM="></latexit>

s(x) = R�1

✓
@bs�1(t, ✓)

@t
es0
�
bs�1(t, ✓), ✓

�◆

Composition:
<latexit sha1_base64="3TxuSi2ilMp0jfoEnPrSchj0zRY="></latexit>

sg✓ (x) = R�1

✓
@bs�1(g✓(t), ✓)

@t
es0
�
bs�1(g✓(t), ✓), ✓

�◆
Let

Then
<latexit sha1_base64="GaCEhmWGMsjLlrj89J8tJYfAEr4=">AAACNHicbVDLSgNBEJz1GeMr6tHLYBAS0LArol6EgBfBSwSjgSSG2UknGTL7YKZXCct+lBc/xIsIHhTx6jc4SRai0YKBoqqani43lEKjbb9YM7Nz8wuLmaXs8srq2npuY/NaB5HiUOWBDFTNZRqk8KGKAiXUQgXMcyXcuP2zoX9zB0qLwL/CQQhNj3V90RGcoZFauQvauBdt6DGMddKKu7cN7AGypIB7Y1akp4WJXLyN952k8GNmEiy2cnm7ZI9A/xInJXmSotLKPTXaAY888JFLpnXdsUNsxkyh4BKSbCPSEDLeZ12oG+ozD3QzHh2d0F2jtGknUOb5SEfqz4mYeVoPPNckPYY9Pe0Nxf+8eoSdk2Ys/DBC8Pl4USeSFAM6bJC2hQKOcmAI40qYv1LeY4pxND1nTQnO9Ml/yfVByTkqHV4e5stHaR0Zsk12SIE45JiUyTmpkCrh5IE8kzfybj1ar9aH9TmOzljpzBb5BevrG32Dq0Y=</latexit>

bsg✓ (t, ✓) = (g✓)�1(bs(t, ✓))
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Sliced Wasserstein Distance

<latexit sha1_base64="IuO+x8uhP6701P9opq/nWbqAhmY="></latexit>

SW 2
2 (s1, s2) =

Z

⌦es0

Z ⇡

0
(bs1(t, ✓)� bs2(t, ✓))2 es0(t, ✓)d✓dt

<latexit sha1_base64="SKnnNYt5E0yPn8SliZBWMm5azmI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuilJKeqy4MZlBfuANoTJdNIOnUzCzESsoV/ixoUibv0Ud/6N0zYLbT0wcDjnXu6ZEyScKe0431ZhY3Nre6e4W9rbPzgs20fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk5u5332gUrFY3OtpQr0IjwQLGcHaSL5dVr5bHURYj4Mwe5xd+HbFqTkLoHXi5qQCOVq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDRIFU0wmeAR7RsqcESVly2Cz9C5UYYojKV5QqOF+nsjw5FS0ygwk/OIatWbi/95/VSH117GRJJqKsjyUJhypGM0bwENmaRE86khmEhmsiIyxhITbboqmRLc1S+vk0695l7WGneNSrOe11GEUziDKrhwBU24hRa0gUAKz/AKb9aT9WK9Wx/L0YKV75zAH1ifP0LZksw=</latexit>

s1(x)
<latexit sha1_base64="WKt1OP7KjwZkbe/3wD4EO64b6Wo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuilJKeqy4MZlBfuANoTJdNIOnUzCzESsoV/ixoUibv0Ud/6N0zYLbT0wcDjnXu6ZEyScKe0431ZhY3Nre6e4W9rbPzgs20fHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk5u5332gUrFY3OtpQr0IjwQLGcHaSL5dVn69OoiwHgdh9ji78O2KU3MWQOvEzUkFcrR8+2swjEkaUaEJx0r1XSfRXoalZoTTWWmQKppgMsEj2jdU4IgqL1sEn6FzowxRGEvzhEYL9fdGhiOlplFgJucR1ao3F//z+qkOr72MiSTVVJDloTDlSMdo3gIaMkmJ5lNDMJHMZEVkjCUm2nRVMiW4q19eJ516zb2sNe4alWY9r6MIp3AGVXDhCppwCy1oA4EUnuEV3qwn68V6tz6WowUr3zmBP7A+fwBEaZLN</latexit>

s2(x)

<latexit sha1_base64="neYOBcvhCxjGJrVccQoFu3Uc/Xg="></latexit>

SW 2
2 (s1, s2) =

���
���(bs1 � bs2)

p
es0
���
���
2

L2(⌦es0 )

Sliced Wasserstein Embedding:

R-CDT



nonlinear/nonconvex linear/convex
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Signal CDTCDF

Data Geometry

Consider the data set generated by a signal and all of its translates

PCA (3 components) of dataset
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Signal classes: algebraic generative model

Class 
p0

<latexit sha1_base64="EyKL3mrgSeqgNEMJlGGOG1YHY7U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwD6a42L</latexit>

q0
<latexit sha1_base64="v+6FySxJ+1RSUzoz1OPIB0gsh5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+2y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AH78Y2M</latexit>

template 1

g(x) = x� µ
<latexit sha1_base64="BTXIpzUSO4KP/zt8z+r0tnVsWSA=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD4bdKOhFCHjxGME8ILuE2clsMmRmd5mHJIT8hhcPinj1Z7z5N06SPWhiQUNR1U13V5hyprTrfju5tfWNza38dmFnd2//oHh41FSJkYQ2SMIT2Q6xopzFtKGZ5rSdSopFyGkrHN7N/NYTlYol8aMepzQQuB+ziBGsreT3y6NzdItGF74w3WLJrbhzoFXiZaQEGerd4pffS4gRNNaEY6U6npvqYIKlZoTTacE3iqaYDHGfdiyNsaAqmMxvnqIzq/RQlEhbsUZz9ffEBAulxiK0nQLrgVr2ZuJ/Xsfo6CaYsDg1msZksSgyHOkEzQJAPSYp0XxsCSaS2VsRGWCJibYxFWwI3vLLq6RZrXiXlerDValWzeLIwwmcQhk8uIYa3EMdGkAghWd4hTfHOC/Ou/OxaM052cwx/IHz+QM7sZB2</latexit>

g 2 C
<latexit sha1_base64="M29Ph23nERqKQZbohVkXCgvaoUg=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmqoMtCNy4r2Ac0oUymk3boZBJmJkqJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRXT3uqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+YtnK/90ClYrG417OE+hEeCxYygrWRhnZ1jDwmkBdhPSGYZ6350K45dWcBtE7cgtSgQHtof3mjmKQRFZpwrNTAdRLtZ1hqRjidV7xU0QSTKR7TgaECR1T52SL6HJ0bZYTCWJonNFqovzcyHCk1iwIzmUdUq14u/ucNUh3e+BkTSaqpIMtDYcqRjlHeAxoxSYnmM0MwkcxkRWSCJSbatFUxJbirX14n3Ubdvaw37q5qzUZRRxlO4QwuwIVraMIttKEDBB7hGV7hzXqyXqx362M5WrKKnRP4A+vzB62Qk5Q=</latexit>

“confound” e.g.: translation

template 2

Class Q
<latexit sha1_base64="VouPj9/KmOipokzy/bUYu1QPtsg=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6rLgxmUL9oFtKZn0ThuayQxJRihD/8KNC0Xc+jfu/Bsz7Sy09UDgcM695Nzjx4Jr47rfztr6xubWdmGnuLu3f3BYOjpu6ShRDJssEpHq+FSj4BKbhhuBnVghDX2BbX9yl/ntJ1SaR/LBTGPsh3QkecAZNVZ67IXUjH0/bcwGpbJbcecgq8TLSRly1Aelr94wYkmI0jBBte56bmz6KVWGM4GzYi/RGFM2oSPsWippiLqfzhPPyLlVhiSIlH3SkLn6eyOlodbT0LeTWUK97GXif143McFtP+UyTgxKtvgoSAQxEcnOJ0OukBkxtYQyxW1WwsZUUWZsSUVbgrd88ippVSveZaXauCrXrvM6CnAKZ3ABHtxADe6hDk1gIOEZXuHN0c6L8+58LEbXnHznBP7A+fwBuYyQ6Q==</latexit>

P
<latexit sha1_base64="5fmjrbw5QD8j+/WWzUjjFRRe8Ss=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUUZcFNy4r2Ae2Q8mkd9rQTGZIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3knNPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02IuoGQVB1pj2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5omn5MwqAxLGyj5pyFz9vZHRSOtJFNjJWUK97M3E/7xuasIbP+MySQ1KtvgoTAUxMZmdTwZcITNiYgllitushI2ooszYkkq2BG/55FXSqlW9i2rt/rJSv8rrKMIJnMI5eHANdbiDBjSBgYRneIU3RzsvzrvzsRgtOPnOMfyB8/kDuAeQ6A==</latexit> P̂

<latexit sha1_base64="kpPgyujHfBxBnMxTAzviqhAoybg=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVZIq6rLgxmUF+4AmlMl00g6dTMLMTaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWdOkAiuwXG+rcrG5tb2TnW3trd/cHhkH590dZwqyjo0FrHqB0QzwSXrAAfB+oliJAoE6wXT+8LvzZjSPJZPME+YH5Gx5CGnBIw0tG1vQiDzIgKTIMjaeT60607DWQCvE7ckdVSiPbS/vFFM04hJoIJoPXCdBPyMKOBUsLzmpZolhE7JmA0MlSRi2s8WyXN8YZQRDmNlngS8UH9vZCTSeh4FZrKIqFe9QvzPG6QQ3vkZl0kKTNLloTAVGGJc1IBHXDEKYm4IoYqbrJhOiCIUTFk1U4K7+uV10m023KtG8/G63rop66iiM3SOLpGLblELPaA26iCKZugZvaI3K7NerHfrYzlascqdU/QH1ucPEKeT5g==</latexit>

Q̂
<latexit sha1_base64="jv+6vu0bbMpuZot9NC4QfP20Ntg=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaSKuiy4cdmCfUATymQ6aYdOJmFmUighf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTJJwp7Tjf1sbm1vbObmWvun9weHRsn5x2VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMHwq/N6NSsVg86XlC/QiPBQsZwdpIQ9v2JlhnXoT1JAiydp4P7ZpTdxZA68QtSQ1KtIb2lzeKSRpRoQnHSg1cJ9F+hqVmhNO86qWKJphM8ZgODBU4osrPFslzdGmUEQpjaZ7QaKH+3shwpNQ8CsxkEVGteoX4nzdIdXjvZ0wkqaaCLA+FKUc6RkUNaMQkJZrPDcFEMpMVkQmWmGhTVtWU4K5+eZ10G3X3ut5o39Sat2UdFTiHC7gCF+6gCY/Qgg4QmMEzvMKblVkv1rv1sRzdsMqdM/gD6/MHEi2T5w==</latexit>

Q = {qg |qg(x) = g0(x)q0(g(x))}
<latexit sha1_base64="xytC0B5+UhMR+VyBCumsgGzSLqI="></latexit>

p̂g = p̂+ µ
<latexit sha1_base64="+cnH0sKXUxRp1xXhDiry3EpJPFk=">AAACAnicbZDLSsNAFIZPvNZ6i7oSN4NFEISSVEE3QsGNywr2Ak0Ik+mkHTqZhJmJUEJx46u4caGIW5/CnW/jtM1CW38Y+PjPOZw5f5hyprTjfFtLyyura+uljfLm1vbOrr2331JJJgltkoQnshNiRTkTtKmZ5rSTSorjkNN2OLyZ1NsPVCqWiHs9Sqkf475gESNYGyuwD70B1nka9MfoGs14jM6QF2eBXXGqzlRoEdwCKlCoEdhfXi8hWUyFJhwr1XWdVPs5lpoRTsdlL1M0xWSI+7RrUOCYKj+fnjBGJ8bpoSiR5gmNpu7viRzHSo3i0HTGWA/UfG1i/lfrZjq68nMm0kxTQWaLoowjnaBJHqjHJCWajwxgIpn5KyIDLDHRJrWyCcGdP3kRWrWqe16t3V1U6rUijhIcwTGcgguXUIdbaEATCDzCM7zCm/VkvVjv1sesdckqZg7gj6zPHxZGloc=</latexit>

q̂g = q̂ + µ
<latexit sha1_base64="B8unIyaM7iggdkelMS8cxqPRCI8=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksgiCUpAq6EQpuXFawF2hCmEyn7dCZJM5MhBKKG1/FjQtF3PoU7nwbp20W2vrDwMd/zuHM+cOEM6Ud59sqLC2vrK4V10sbm1vbO/buXlPFqSS0QWIey3aIFeUsog3NNKftRFIsQk5b4fB6Um89UKlYHN3pUUJ9gfsR6zGCtbEC+8AbYJ3dj4M+ukI5o1PkiTSwy07FmQotgptDGXLVA/vL68YkFTTShGOlOq6TaD/DUjPC6bjkpYommAxxn3YMRlhQ5WfTE8bo2Dhd1IuleZFGU/f3RIaFUiMRmk6B9UDN1ybmf7VOqnuXfsaiJNU0IrNFvZQjHaNJHqjLJCWajwxgIpn5KyIDLDHRJrWSCcGdP3kRmtWKe1ap3p6Xa9U8jiIcwhGcgAsXUIMbqEMDCDzCM7zCm/VkvVjv1sestWDlM/vwR9bnDxmclok=</latexit>

p0(x� µ)
<latexit sha1_base64="mWzCMBrZl82e5P8wDi4xypq9Lxk=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7raDHghePFewHtkvJptk2NMkuSVYsS/+FFw+KePXfePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSg9x3y0/XfREct4vltyKOwdaJV5GSpCh0S9+9QYRSQSVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSyUWVPvp/OIpOrPKAIWRsiUNmqu/J1IstJ6IwHYKbEZ62ZuJ/3ndxITXfspknBgqyWJRmHBkIjR7Hw2YosTwiSWYKGZvRWSEFSbGhlSwIXjLL6+SVrXi1SrVu8tSvZrFkYcTOIUyeHAFdbiFBjSBgIRneIU3RzsvzrvzsWjNOdnMMfyB8/kDYWCQBQ==</latexit>

q0(x� µ)
<latexit sha1_base64="520HnZD9NXvFCiLdrOJRX3Q7vWA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahHiy7VdBjwYvHCvYD26Vk02wbmmTXJCuWpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qkSrNI3plxTH2BB5KFjGBjpfuHnlt+OuuK5LRXLLkVdwa0TLyMlCBDvVf86vYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2cUTdGKVPgojZUsaNFN/T6RYaD0Wge0U2Az1ojcV//M6iQmv/JTJODFUkvmiMOHIRGj6PuozRYnhY0swUczeisgQK0yMDalgQ/AWX14mzWrFO69Uby9KtWoWRx6O4BjK4MEl1OAG6tAAAhKe4RXeHO28OO/Ox7w152Qzh/AHzucPYu2QBg==</latexit>

low dimensional 
projection

low dimensional 
projection

signal space transform space

P = {pg|pg(x) = g0(x)p0(g(x))}
<latexit sha1_base64="KIHYVyIq2aSc06c3nSadeCFIo1M=">AAACIXicbVBNS8MwGE7n15xfVY9egkPYLqOdgrsIAy8eJ7gPWGtJs2wLS9uQpOKo/Ste/CtePCiym/hnTLcedPOFhCfP8768eR6fMyqVZX0ZhbX1jc2t4nZpZ3dv/8A8POrIKBaYtHHEItHzkSSMhqStqGKkxwVBgc9I159cZ3r3gQhJo/BOTTlxAzQK6ZBipDTlmQ0nQGrs+0krhVfQSSD3RvApuyuPVc2M7hOHCxqQVL+5Z1Uyvgqd1DPLVs2aF1wFdg7KIK+WZ86cQYTjgIQKMyRl37a4chMkFMWMpCUnloQjPEEj0tcwRAGRbjJ3mMIzzQzgMBL6hArO2d8TCQqknAa+7sz8yGUtI//T+rEaNtyEhjxWJMSLRcOYQRXBLC44oIJgxaYaICyo/ivEYyQQVjrUkg7BXra8Cjr1mn1eq99elJtWHkcRnIBTUAE2uARNcANaoA0weAav4B18GC/Gm/FpzBatBSOfOQZ/yvj+AZsZoTk=</latexit>



SCDT & linear separability

Aldroubi, Diaz Martin, Medri, Rohde, Thareja, The Signed Cumulative Distribution Transform for 1D signal analysis and classification, 
AIMS Foundations of Data Science, 2022
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Class 1

Class 2

Class 3

Radon-CDT

LDA subspace of original data LDA subspace of transformed data

2D Example (R-CDT)



24

transform

CDT: linear separation theorem

Consider signal classes:

and 

where

P = {pg : g 2 C}
<latexit sha1_base64="PTCROqpPyd49mvXmBzPL4a1tK74=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRVUASh0I3LCvYBTQiT6aQdOpmEmYlQQn7Bjb/ixoUibt2582+cpFlo64ELh3Pu5d57/JhRqSzr26isrW9sblW3azu7e/sH5uFRX0aJwKSHIxaJoY8kYZSTnqKKkWEsCAp9Rgb+rJP7gwciJI34vZrHxA3RhNOAYqS05JkNJ0Rq6vtpN4M30EljbwKv4QQ6lMPCwoilnczJPLNuNa0CcJXYJamDEl3P/HLGEU5CwhVmSMqRbcXKTZFQFDOS1ZxEkhjhGZqQkaYchUS6afFRBs+0MoZBJHRxBQv190SKQinnoa878yPlspeL/3mjRAVXbkp5nCjC8WJRkDCoIpjHA8dUEKzYXBOEBdW3QjxFAmGlQ6zpEOzll1dJv9W0z5utu4t6u1XGUQUn4BQ0gA0uQRvcgi7oAQwewTN4BW/Gk/FivBsfi9aKUc4cgz8wPn8A7lqcaQ==</latexit>

Q = {qg : g 2 C}
<latexit sha1_base64="w6wUoFARC9VjXtOP54NE4QZ1wQY=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRVUASh0I3LFuwDmlAm00k6dDKJMxOhhPyCG3/FjQtF3Lpz5984TbPQ1gMXDufcy733eDGjUlnWt1FaW9/Y3CpvV3Z29/YPzMOjnowSgUkXRywSAw9JwignXUUVI4NYEBR6jPS9aWvu9x+IkDTid2oWEzdEAac+xUhpaWTWnBCpieelnQzeQCe9HwXwGgbQoRzmFkYsbWVONjKrVt3KAVeJXZAqKNAemV/OOMJJSLjCDEk5tK1YuSkSimJGsoqTSBIjPEUBGWrKUUikm+YfZfBMK2PoR0IXVzBXf0+kKJRyFnq6c36kXPbm4n/eMFH+lZtSHieKcLxY5CcMqgjO44FjKghWbKYJwoLqWyGeIIGw0iFWdAj28surpNeo2+f1Ruei2mwUcZTBCTgFNWCDS9AEt6ANugCDR/AMXsGb8WS8GO/Gx6K1ZBQzx+APjM8f8Zmcaw==</latexit>

<latexit sha1_base64="yZJ8SbSYQOVLlw2fAr5Us8BJNSk=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqB4CjPidhECXjwmYBbIDKGnU0ma9Cx01wjDkD/w4q948aCIV6/e/Bs7i6CJDxpev1dFVT0/lkKjbX9ZuaXlldW1/HphY3Nre6e4u9fQUaI41HkkI9XymQYpQqijQAmtWAELfAlNf3gz9pv3oLSIwjtMY/AC1g9FT3CGRuoUj92A4cD3s+qIupzF9OdfG9Fr6kIQY6oBO8WSXbYnoIvEmZESmaHaKX663YgnAYTIJdO67dgxehlTKLiEUcFNNMSMD1kf2oaGLADtZZN7RvTIKF3ai5R5IdKJ+rsjY4HWaeCbyvG2et4bi/957QR7V14mwjhBCPl0UC+RFCM6Dod2hQKOMjWEcSXMrpQPmGIcTYQFE4Izf/IiaZyWnfOyXTsrVS5mceTJATkkJ8Qhl6RCbkmV1AknD+SJvJBX69F6tt6s92lpzpr17JM/sD6+AbHsnGg=</latexit>

P \Q = ;

for any reference
does not require knowledge of p0

<latexit sha1_base64="EyKL3mrgSeqgNEMJlGGOG1YHY7U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwD6a42L</latexit>

q0
<latexit sha1_base64="v+6FySxJ+1RSUzoz1OPIB0gsh5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+2y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AH78Y2M</latexit>

<latexit sha1_base64="WWTazVhtfRVLOmkafEgWmrr9lCs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atV3fvLSv0qj6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPwBEjZI=</latexit>s0

[Park, Kolouri, Kundu, Rohde, ACHA 18]
[Aldroubi, Li, Rohde, SaSiDa, 21]
[Shifat-E-Rabbi, …, Rohde, JMIV 21]
[Aldroubi et al, AIMS Foundations of Data Science, 22]

Theorem:

,       will be convex 

iff is convex.

<latexit sha1_base64="0patNJc2CHnolCTVcdJoysXuTsg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1lw47KCfUATymQ6aYdOHszcFEron7hxoYhb/8Sdf+OkzUKrBwYO59zLPXOCVAqNjvNlVdbWNza3qtu1nd29/QP78Kijk0wx3maJTFQvoJpLEfM2CpS8lypOo0DybjC5K/zulCstkvgRZyn3IzqKRSgYRSMNbNsbU8y9iOI4CPLWfD6w607DWYD8JW5J6lCiNbA/vWHCsojHyCTVuu86Kfo5VSiY5POal2meUjahI943NKYR136+SD4nZ0YZkjBR5sVIFurPjZxGWs+iwEwWEfWqV4j/ef0Mw1s/F3GaIY/Z8lCYSYIJKWogQ6E4QzkzhDIlTFbCxlRRhqasminBXf3yX9K5aLhXDefhst68Luuowgmcwjm4cANNuIcWtIHBFJ7gBV6t3Hq23qz35WjFKneO4Resj28Qq5Pm</latexit>

P̂
<latexit sha1_base64="VTYVQvGYO//Cj8bEXuTbydPGPQI=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1lw47IF+4AmlMl00g6dTMLMpFBC/sSNC0Xc+ifu/BsnbRbaemDgcM693DMnSDhT2nG+rcrG5tb2TnW3trd/cHhkH590VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMHwq/N6NSsVg86XlC/QiPBQsZwdpIQ9v2JlhnXoT1JAiydp4P7brTcBZA68QtSR1KtIb2lzeKSRpRoQnHSg1cJ9F+hqVmhNO85qWKJphM8ZgODBU4osrPFslzdGGUEQpjaZ7QaKH+3shwpNQ8CsxkEVGteoX4nzdIdXjvZ0wkqaaCLA+FKUc6RkUNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxruTcNpX9ebt2UdVTiDc7gEF+6gCY/Qgg4QmMEzvMKblVkv1rv1sRytWOXOKfyB9fkDEjGT5w==</latexit>

Q̂
<latexit sha1_base64="BS52NwhavaWO1Eef5/4SatQgPVM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWBIp6rLYjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/aeR+Z0qlYpF41LOYeiEeCRYwgrWRBrbdD7EeE8zTRvaUXrrZwK44VWcOtErcglSgQHNgf/WHEUlCKjThWKme68TaS7HUjHCalfuJojEmEzyiPUMFDqny0nnyDJ0bZYiCSJonNJqrvzdSHCo1C30zmedUy14u/uf1Eh3ceikTcaKpIItDQcKRjlBeAxoySYnmM0MwkcxkRWSMJSbalFU2JbjLX14l7auqe12tPdQq9buijhKcwhlcgAs3UId7aEILCEzhGV7hzUqtF+vd+liMrlnFzgn8gfX5A1W7k3k=</latexit>

C�1

To see this:
<latexit sha1_base64="c0uq70kVZsj+PCkVf/8n0Z8Fapk="></latexit>

bP = {g�1(p̂(y))|g�1 2 C�1}
<latexit sha1_base64="yh4p8CDZ1r+0cb5TNdNyxRRtDFA="></latexit>

bQ = {g�1(q̂(y))|g�1 2 C�1}
convex iff convex 

<latexit sha1_base64="BS52NwhavaWO1Eef5/4SatQgPVM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWBIp6rLYjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/aeR+Z0qlYpF41LOYeiEeCRYwgrWRBrbdD7EeE8zTRvaUXrrZwK44VWcOtErcglSgQHNgf/WHEUlCKjThWKme68TaS7HUjHCalfuJojEmEzyiPUMFDqny0nnyDJ0bZYiCSJonNJqrvzdSHCo1C30zmedUy14u/uf1Eh3ceikTcaKpIItDQcKRjlBeAxoySYnmM0MwkcxkRWSMJSbalFU2JbjLX14l7auqe12tPdQq9buijhKcwhlcgAs3UId7aEILCEzhGV7hzUqtF+vd+liMrlnFzgn8gfX5A1W7k3k=</latexit>

C�1

Corollary: ,       linearly separable

if     is convex.

<latexit sha1_base64="0patNJc2CHnolCTVcdJoysXuTsg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1lw47KCfUATymQ6aYdOHszcFEron7hxoYhb/8Sdf+OkzUKrBwYO59zLPXOCVAqNjvNlVdbWNza3qtu1nd29/QP78Kijk0wx3maJTFQvoJpLEfM2CpS8lypOo0DybjC5K/zulCstkvgRZyn3IzqKRSgYRSMNbNsbU8y9iOI4CPLWfD6w607DWYD8JW5J6lCiNbA/vWHCsojHyCTVuu86Kfo5VSiY5POal2meUjahI943NKYR136+SD4nZ0YZkjBR5sVIFurPjZxGWs+iwEwWEfWqV4j/ef0Mw1s/F3GaIY/Z8lCYSYIJKWogQ6E4QzkzhDIlTFbCxlRRhqasminBXf3yX9K5aLhXDefhst68Luuowgmcwjm4cANNuIcWtIHBFJ7gBV6t3Hq23qz35WjFKneO4Resj28Qq5Pm</latexit>

P̂
<latexit sha1_base64="VTYVQvGYO//Cj8bEXuTbydPGPQI=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1lw47IF+4AmlMl00g6dTMLMpFBC/sSNC0Xc+ifu/BsnbRbaemDgcM693DMnSDhT2nG+rcrG5tb2TnW3trd/cHhkH590VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMHwq/N6NSsVg86XlC/QiPBQsZwdpIQ9v2JlhnXoT1JAiydp4P7brTcBZA68QtSR1KtIb2lzeKSRpRoQnHSg1cJ9F+hqVmhNO85qWKJphM8ZgODBU4osrPFslzdGGUEQpjaZ7QaKH+3shwpNQ8CsxkEVGteoX4nzdIdXjvZ0wkqaaCLA+FKUc6RkUNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxruTcNpX9ebt2UdVTiDc7gEF+6gCY/Qgg4QmMEzvMKblVkv1rv1sRytWOXOKfyB9fkDEjGT5w==</latexit>

Q̂
<latexit sha1_base64="BS52NwhavaWO1Eef5/4SatQgPVM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWBIp6rLYjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/aeR+Z0qlYpF41LOYeiEeCRYwgrWRBrbdD7EeE8zTRvaUXrrZwK44VWcOtErcglSgQHNgf/WHEUlCKjThWKme68TaS7HUjHCalfuJojEmEzyiPUMFDqny0nnyDJ0bZYiCSJonNJqrvzdSHCo1C30zmedUy14u/uf1Eh3ceikTcaKpIItDQcKRjlBeAxoySYnmM0MwkcxkRWSMJSbalFU2JbjLX14l7auqe12tPdQq9buijhKcwhlcgAs3UId7aEILCEzhGV7hzUqtF+vd+liMrlnFzgn8gfX5A1W7k3k=</latexit>

C�1
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transform

R-CDT: linear separation theorem

Consider signal classes:

and 

where

P = {pg : g 2 C}
<latexit sha1_base64="PTCROqpPyd49mvXmBzPL4a1tK74=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRVUASh0I3LCvYBTQiT6aQdOpmEmYlQQn7Bjb/ixoUibt2582+cpFlo64ELh3Pu5d57/JhRqSzr26isrW9sblW3azu7e/sH5uFRX0aJwKSHIxaJoY8kYZSTnqKKkWEsCAp9Rgb+rJP7gwciJI34vZrHxA3RhNOAYqS05JkNJ0Rq6vtpN4M30EljbwKv4QQ6lMPCwoilnczJPLNuNa0CcJXYJamDEl3P/HLGEU5CwhVmSMqRbcXKTZFQFDOS1ZxEkhjhGZqQkaYchUS6afFRBs+0MoZBJHRxBQv190SKQinnoa878yPlspeL/3mjRAVXbkp5nCjC8WJRkDCoIpjHA8dUEKzYXBOEBdW3QjxFAmGlQ6zpEOzll1dJv9W0z5utu4t6u1XGUQUn4BQ0gA0uQRvcgi7oAQwewTN4BW/Gk/FivBsfi9aKUc4cgz8wPn8A7lqcaQ==</latexit>

Q = {qg : g 2 C}
<latexit sha1_base64="w6wUoFARC9VjXtOP54NE4QZ1wQY=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRVUASh0I3LFuwDmlAm00k6dDKJMxOhhPyCG3/FjQtF3Lpz5984TbPQ1gMXDufcy733eDGjUlnWt1FaW9/Y3CpvV3Z29/YPzMOjnowSgUkXRywSAw9JwignXUUVI4NYEBR6jPS9aWvu9x+IkDTid2oWEzdEAac+xUhpaWTWnBCpieelnQzeQCe9HwXwGgbQoRzmFkYsbWVONjKrVt3KAVeJXZAqKNAemV/OOMJJSLjCDEk5tK1YuSkSimJGsoqTSBIjPEUBGWrKUUikm+YfZfBMK2PoR0IXVzBXf0+kKJRyFnq6c36kXPbm4n/eMFH+lZtSHieKcLxY5CcMqgjO44FjKghWbKYJwoLqWyGeIIGw0iFWdAj28surpNeo2+f1Ruei2mwUcZTBCTgFNWCDS9AEt6ANugCDR/AMXsGb8WS8GO/Gx6K1ZBQzx+APjM8f8Zmcaw==</latexit>

Theorem:

,       will be linearly separable   

if     is convex.

<latexit sha1_base64="0patNJc2CHnolCTVcdJoysXuTsg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1lw47KCfUATymQ6aYdOHszcFEron7hxoYhb/8Sdf+OkzUKrBwYO59zLPXOCVAqNjvNlVdbWNza3qtu1nd29/QP78Kijk0wx3maJTFQvoJpLEfM2CpS8lypOo0DybjC5K/zulCstkvgRZyn3IzqKRSgYRSMNbNsbU8y9iOI4CPLWfD6w607DWYD8JW5J6lCiNbA/vWHCsojHyCTVuu86Kfo5VSiY5POal2meUjahI943NKYR136+SD4nZ0YZkjBR5sVIFurPjZxGWs+iwEwWEfWqV4j/ef0Mw1s/F3GaIY/Z8lCYSYIJKWogQ6E4QzkzhDIlTFbCxlRRhqasminBXf3yX9K5aLhXDefhst68Luuowgmcwjm4cANNuIcWtIHBFJ7gBV6t3Hq23qz35WjFKneO4Resj28Qq5Pm</latexit>

P̂
<latexit sha1_base64="VTYVQvGYO//Cj8bEXuTbydPGPQI=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1lw47IF+4AmlMl00g6dTMLMpFBC/sSNC0Xc+ifu/BsnbRbaemDgcM693DMnSDhT2nG+rcrG5tb2TnW3trd/cHhkH590VZxKQjsk5rHsB1hRzgTtaKY57SeS4ijgtBdMHwq/N6NSsVg86XlC/QiPBQsZwdpIQ9v2JlhnXoT1JAiydp4P7brTcBZA68QtSR1KtIb2lzeKSRpRoQnHSg1cJ9F+hqVmhNO85qWKJphM8ZgODBU4osrPFslzdGGUEQpjaZ7QaKH+3shwpNQ8CsxkEVGteoX4nzdIdXjvZ0wkqaaCLA+FKUc6RkUNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxruTcNpX9ebt2UdVTiDc7gEF+6gCY/Qgg4QmMEzvMKblVkv1rv1sRytWOXOKfyB9fkDEjGT5w==</latexit>

Q̂

<latexit sha1_base64="yZJ8SbSYQOVLlw2fAr5Us8BJNSk=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqB4CjPidhECXjwmYBbIDKGnU0ma9Cx01wjDkD/w4q948aCIV6/e/Bs7i6CJDxpev1dFVT0/lkKjbX9ZuaXlldW1/HphY3Nre6e4u9fQUaI41HkkI9XymQYpQqijQAmtWAELfAlNf3gz9pv3oLSIwjtMY/AC1g9FT3CGRuoUj92A4cD3s+qIupzF9OdfG9Fr6kIQY6oBO8WSXbYnoIvEmZESmaHaKX663YgnAYTIJdO67dgxehlTKLiEUcFNNMSMD1kf2oaGLADtZZN7RvTIKF3ai5R5IdKJ+rsjY4HWaeCbyvG2et4bi/957QR7V14mwjhBCPl0UC+RFCM6Dod2hQKOMjWEcSXMrpQPmGIcTYQFE4Izf/IiaZyWnfOyXTsrVS5mceTJATkkJ8Qhl6RCbkmV1AknD+SJvJBX69F6tt6s92lpzpr17JM/sD6+AbHsnGg=</latexit>

P \Q = ;

for any reference
does not require knowledge of p0

<latexit sha1_base64="EyKL3mrgSeqgNEMJlGGOG1YHY7U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD8nAHZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwD6a42L</latexit>

q0
<latexit sha1_base64="v+6FySxJ+1RSUzoz1OPIB0gsh5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3bpZhN3J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+2y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNRreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AH78Y2M</latexit>

<latexit sha1_base64="WWTazVhtfRVLOmkafEgWmrr9lCs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPtuv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atV3fvLSv0qj6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifPwBEjZI=</latexit>s0

[Park, Kolouri, Kundu, Rohde, ACHA 18]
[Aldroubi, Li, Rohde, SaSiDa, 21]
[Shifat-E-Rabbi, …, Rohde, JMIV 21]
[Aldroubi et al, AIMS Foundations of Data Science, 22]

<latexit sha1_base64="BS52NwhavaWO1Eef5/4SatQgPVM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWBIp6rLYjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/aeR+Z0qlYpF41LOYeiEeCRYwgrWRBrbdD7EeE8zTRvaUXrrZwK44VWcOtErcglSgQHNgf/WHEUlCKjThWKme68TaS7HUjHCalfuJojEmEzyiPUMFDqny0nnyDJ0bZYiCSJonNJqrvzdSHCo1C30zmedUy14u/uf1Eh3ceikTcaKpIItDQcKRjlBeAxoySYnmM0MwkcxkRWSMJSbalFU2JbjLX14l7auqe12tPdQq9buijhKcwhlcgAs3UId7aEILCEzhGV7hzUqtF+vd+liMrlnFzgn8gfX5A1W7k3k=</latexit>

C�1

<latexit sha1_base64="JIqmjxSwnOjZi1B8sCuxGeJEaa0="></latexit>

pg = R�1
⇣�

g✓
�0 ep0 � g✓

⌘

<latexit sha1_base64="BQ9ofQmovlEVdsxbcUX1l7q1q6U="></latexit>

qg = R�1
⇣�

g✓
�0 eq0 � g✓

⌘
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Wasserstein space                     is a Riemannian manifold(P (⌦),W2)

geodesic

Linear Optimal Transport (LOT)

s0
<latexit sha1_base64="dLVx6k7IAfuDRqUu3GRIAUI1ftI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ/cQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP/79jY4=</latexit>

s1
<latexit sha1_base64="ZAnHfpPWJEPc7ckYl76yW6gPssE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ+8QbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwCQjY8=</latexit>

,s0(x) = Df (x)s1(f(x))

f↵(x) = (1� ↵)x+ ↵f(x)
<latexit sha1_base64="MT/XWs8Cd3NF+bvUEjJiHLrzsr0=">AAACEHicbZDLSgMxFIbP1Futt1GXboJFbBHLTBV0IxTcuKxgL9AOQybNtKGZC0lGWoY+ghtfxY0LRdy6dOfbmLaz0OqBwJf/P4fk/F7MmVSW9WXklpZXVtfy64WNza3tHXN3rymjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3vB66rfuqZAsCu/UOKZOgPsh8xnBSkuueey7XczjAS6NyugKlezT+bU8QidojsjXnmsWrYo1K/QX7AyKkFXdNT+7vYgkAQ0V4VjKjm3FykmxUIxwOil0E0ljTIa4TzsaQxxQ6aSzhSboSCs95EdCn1ChmfpzIsWBlOPA050BVgO56E3F/7xOovxLJ2VhnCgakvlDfsKRitA0HdRjghLFxxowEUz/FZEBFpgonWFBh2AvrvwXmtWKfVap3p4Xa9UsjjwcwCGUwIYLqMEN1KEBBB7gCV7g1Xg0no03433emjOymX34VcbHN13Umjc=</latexit>

f = r� = ŝ1
<latexit sha1_base64="QvYpDBEANOS2vv+FGluFrTord+A=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRV0I1QcOOygn1AG8LNdNIOnUzCzEQooQs3/oobF4q49SPc+TdO2iy09cCFM+fcy9x7goQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR8WpJLRNYh7LXgCKciZoWzPNaS+RFKKA024wucn97gOVisXiXk8T6kUwEixkBLSRfLsa4ms8EBBwwINkzPLXGHSmZr7r2zWn7syBV4lbkBoq0PLtr8EwJmlEhSYclOq7TqK9DKRmhNNZZZAqmgCZwIj2DRUQUeVl8yNm+NQoQxzG0pTQeK7+nsggUmoaBaYzAj1Wy14u/uf1Ux1eeRkTSaqpIIuPwpRjHeM8ETxkkhLNp4YAkczsiskYJBBtcquYENzlk1dJp1F3z+uNu4tas1HEUUZVdILOkIsuURPdohZqI4Ie0TN6RW/Wk/VivVsfi9aSVcwcoz+wPn8AjMuWuA==</latexit>

Linear optimal transport (LOT):
[Wang, Slepcev, Basu, Ozolek, Rohde, IJCV 13]

projection (invertible):

P (s) = ŝ
<latexit sha1_base64="J1YRAHDveoeepXHGVIsNNZX5aCw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBDiJexGQS9CwIvHCOYByRpmJ5NkyOzsMtOrhCX/4cWDIl79F2/+jZNkD5pY0FBUddPdFcRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go5up33zk2ohI3eM45n5IB0r0BaNopYdayZyRa9IZUkzNpFsoumV3BrJMvIwUIUOtW/jq9CKWhFwhk9SYtufG6KdUo2CST/KdxPCYshEd8Laliobc+Ons6gk5tUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZBoB6QnNGcqxJZRpYW8lbEg1ZWiDytsQvMWXl0mjUvbOy5W7i2K1ksWRg2M4gRJ4cAlVuIUa1IGBhmd4hTfnyXlx3p2PeeuKk80cwR84nz8YPpGP</latexit>

LOT distance:

CDT is simply LOT projection

kP (s1)
p
s0 � P (s2)

p
s0k2 =

Z
(ŝ1 � ŝ2)

2s0(x)dx
<latexit sha1_base64="DbQLhBezS6VZCCIc2r0O7J+ltu8="></latexit>

OT manifold

LOT plane

reference

Azimuthal equidistant projection
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Linear Optimal Transport (LOT)

reference

geodesics

s0
<latexit sha1_base64="dLVx6k7IAfuDRqUu3GRIAUI1ftI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ/cQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifP/79jY4=</latexit>

s1
<latexit sha1_base64="ZAnHfpPWJEPc7ckYl76yW6gPssE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpQQ+8QbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlUYtj6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPwCQjY8=</latexit>

s2
<latexit sha1_base64="oTc0kvUw53ognAxb3d02mVAn6C8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkU9Fjw4rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo5bJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwfT9fqXq1tw5yCrxClKFAo1+5as3SFgWc4VMUmO6nptikFONgkk+Lfcyw1PKxnTIu5YqGnMT5PNTp+TcKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YY3QS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOmUbQje8surpOXXvMuaf39VrftFHCU4hTO4AA+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5AwIUjZA=</latexit>

s3
<latexit sha1_base64="dyvYrk64YquVCxHBN5sD0szEebw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2ZQH5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qlev1u6vKo1aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwADmI2R</latexit>

s4
<latexit sha1_base64="9dslu0UbQfzyUX5AkZpoNKma+T4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2ZQH5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41aHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAFHI2S</latexit>

transform
ŝ1

<latexit sha1_base64="hML7E/t0CVFl6zV+eAD80AyvXow=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME85BkCbOTSTJkZnaZ6RXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNk4N4w0Wy9i0I2q5FJo3UKDk7cRwqiLJW9H4dua3nrixItYPOEl4qOhQi4FgFJ302B1RzOy0F/RKZb/iz0FWSZCTMuSo90pf3X7MUsU1Mkmt7QR+gmFGDQom+bTYTS1PKBvTIe84qqniNszmB0/JuVP6ZBAbVxrJXP09kVFl7URFrlNRHNllbyb+53VSHNyEmdBJilyzxaJBKgnGZPY96QvDGcqJI5QZ4W4lbEQNZegyKroQguWXV0mzWgkuK9X7q3KtmsdRgFM4gwsI4BpqcAd1aAADBc/wCm+e8V68d+9j0brm5TMn8Afe5w/PuZBc</latexit>

ŝ2
<latexit sha1_base64="DRD1h+4n/EZvu+T5kLUbENIXnE0=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8lSQKeix48VjBfkgbyma7aZfubsLuRCihv8KLB0W8+nO8+W/ctjlo64OBx3szzMyLUsENet63s7a+sbm1Xdop7+7tHxxWjo5bJsk0ZU2aiER3ImKY4Io1kaNgnVQzIiPB2tH4dua3n5g2PFEPOElZKMlQ8ZhTglZ67I0I5mbaD/qVqlfz5nBXiV+QKhRo9CtfvUFCM8kUUkGM6fpeimFONHIq2LTcywxLCR2TIetaqohkJsznB0/dc6sM3DjRthS6c/X3RE6kMRMZ2U5JcGSWvZn4n9fNML4Jc67SDJmii0VxJlxM3Nn37oBrRlFMLCFUc3urS0dEE4o2o7INwV9+eZW0gpp/WQvur6r1oIijBKdwBhfgwzXU4Q4a0AQKEp7hFd4c7bw4787HonXNKWZO4A+czx/RPZBd</latexit>

ŝ3
<latexit sha1_base64="dGRgAjAkcsYO/sMz1mBt4aXbVQo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSStoMeCF48V7Ie0oWy2m3bp7ibsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSNnGqKWvRWMS6GxLDBFeshRwF6yaaERkK1gknt3O/88S04bF6wGnCAklGikecErTSY39MMDOzQX1QrnhVbwF3nfg5qUCO5qD81R/GNJVMIRXEmJ7vJRhkRCOngs1K/dSwhNAJGbGepYpIZoJscfDMvbDK0I1ibUuhu1B/T2REGjOVoe2UBMdm1ZuL/3m9FKObIOMqSZEpulwUpcLF2J1/7w65ZhTF1BJCNbe3unRMNKFoMyrZEPzVl9dJu1b169Xa/VWlUcvjKMIZnMMl+HANDbiDJrSAgoRneIU3RzsvzrvzsWwtOPnMKfyB8/kD0sGQXg==</latexit>

ŝ4
<latexit sha1_base64="1bysKKSg9EDdR4LYe7W2GRjkD2o=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSS1oMeCF48V7Ie0oWy2m3bp7ibsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSNnGqKWvRWMS6GxLDBFeshRwF6yaaERkK1gknt3O/88S04bF6wGnCAklGikecErTSY39MMDOzQX1QrnhVbwF3nfg5qUCO5qD81R/GNJVMIRXEmJ7vJRhkRCOngs1K/dSwhNAJGbGepYpIZoJscfDMvbDK0I1ibUuhu1B/T2REGjOVoe2UBMdm1ZuL/3m9FKObIOMqSZEpulwUpcLF2J1/7w65ZhTF1BJCNbe3unRMNKFoMyrZEPzVl9dJu1b1r6q1+3qlUcvjKMIZnMMl+HANDbiDJrSAgoRneIU3RzsvzrvzsWwtOPnMKfyB8/kD1EWQXw==</latexit> LOT plane

control 

perturbation 

regression

Smiling vs. neutral Men vs. women

LOT computed with 
variational OT solver

[Kolouri et al, Pattern Recognition, 2016]

vision.ucsd.edu+

Face database (smiling, neutral)
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is convex for every p iff is convex.
<latexit sha1_base64="0patNJc2CHnolCTVcdJoysXuTsg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia1lw47KCfUATymQ6aYdOHszcFEron7hxoYhb/8Sdf+OkzUKrBwYO59zLPXOCVAqNjvNlVdbWNza3qtu1nd29/QP78Kijk0wx3maJTFQvoJpLEfM2CpS8lypOo0DybjC5K/zulCstkvgRZyn3IzqKRSgYRSMNbNsbU8y9iOI4CPL WfD6w607DWYD8JW5J6lCiNbA/vWHCsojHyCTVuu86Kfo5VSiY5POal2meUjahI943NKYR136+SD4nZ0YZkjBR5sVIFurPjZxGWs+iwEwWEfWqV4j/ef0Mw1s/F3GaIY/Z8lCYSYIJKWogQ6E4QzkzhDIlTFbCxlRRhqasminBXf3yX9K5aLhXDefhst68Luuowgmcwjm4cANNuIcWtIHBFJ7gBV6t3Hq23qz35WjFKneO4Resj28Qq5Pm</latexit>

P̂
<latexit sha1_base64="BS52NwhavaWO1Eef5/4SatQgPVM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWBIp6rLYjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/aeR+Z0qlYpF41LOYeiEeCRYwgrWRBrbdD7EeE8zTRvaUXrrZwK44VWcOtErcglSgQHNgf/WHEUlCKjThWKme68TaS7HUjHCalfuJojEmEzyiPUMFDqny0nnyDJ0bZYiCSJonNJqrvzdSHCo1C30zmedUy14u/uf1Eh3ceikTcaKpIItDQcKRjlBeAxoySYnmM0MwkcxkRWSMJSbalFU2JbjLX14l7auqe12tPdQq9buijhKcwhlcgAs3UId7aEILCEzhGV7hzUqtF+vd+liMrlnFzgn8gfX5A1W7k3k=</latexit>

C�1

Convexity property of CDT (1D):
Recall that for                                                  (p - template,       - a set of increasing diffeomorphisms),  

Corollary:  If      is a convex group, the transform space is partitioned equivalent classes                  , 
where each                  is convex. 

Given  a subgroup               , each                can be  further partitioned into a collection  of convex sets  

Note: group      defines an equivalence relation by                  iff
i.e., 

• scaling group:  
• translation group:
• affine group:
• Fixed point group: 
• It can be shown there are uncountable many distinct convex subgroups

Key: composition property 

[Aldroubi, Li, Rohde, SaSiDa, 21]

Examples of convex groups:
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Convexity property of LOT (n-D)

Unlike the 1-d case,  the convexity of                 does not follow from the convexity of         using the same 
proof techniques since the composition property does not hold in general 

<latexit sha1_base64="BS52NwhavaWO1Eef5/4SatQgPVM=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWBIp6rLYjcsK9gFtLJPppB06mYSZSaGE/IkbF4q49U/c+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcVlEiCW2RiEey62NFORO0pZnmtBtLikOf044/aeR+Z0qlYpF41LOYeiEeCRYwgrWRBrbdD7EeE8zTRvaUXrrZwK44VWcOtErcglSgQHNgf/WHEUlCKjThWKme68TaS7HUjHCalfuJojEmEzyiPUMFDqny0nnyDJ0bZYiCSJonNJqrvzdSHCo1C30zmedUy14u/uf1Eh3ceikTcaKpIItDQcKRjlBeAxoySYnmM0MwkcxkRWSMJSbalFU2JbjLX14l7auqe12tPdQq9buijhKcwhlcgAs3UId7aEILCEzhGV7hzUqtF+vd+liMrlnFzgn8gfX5A1W7k3k=</latexit>

C�1

Let                                                                                                                  be the set of non-negative normalized signals on   

Theorem:  Let 𝑑 ≥ 2 and                  be a set of deformations. If for any                 ,                         holds all      
then                                                                                    , i.e., if the composition property holds regardless of p,    

has to be a subset of compositions of translation and scaling diffeomorphisms.  

Theorem:  Let 𝑑 ≥ 2 and                  be a set of deformations. If                           holds for all             , then                
is  convex  if  the set          is convex.          

Remark: one can relax the condition                above to hold on a subset of         and enlarge      .       

Open questions: Can one derive the convexity of from the convexity of without the
composition property being true for all ? Are there other conditions one can impose on the 

model other than being convex so that is convex ?

[Aldroubi, Li, Rohde, SaSiDa, 21]
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A relaxation in dimension d=2

Note:         is a convex group .       

Note: here the generating template r for        is the same as reference r for computing the LOTs
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[Moosmüller, Cloninger, 21]  

• explored settings when LOT embeds family of distributions into linearly separable sets
• linear separability: if                                   are 𝜖-perturbations of shifts and scalings of µ and                     

are are 𝜖-perturbations of shifts and scalings of ν, and        and         have a small minimal distance depending on 𝜖,                
then      and are linearly separable in the LOT embedding space. 

• provided conditions when the LOT distance between two measures is nearly isometric to the Wasserstein distance 

https://arxiv.org/abs/2008.09165

LDA embedding plots for the MNIST classification of digits 1 and 2 using LOT.  

figure credit: Moosmüller et al. 

Linear Optimal Transport Embedding: Provable Wasserstein classification for certain rigid transformations and perturbations

https://arxiv.org/abs/2008.09165
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• Proposed a variant of ISOMAP called Wassmap, where classical multi-dimensional scaling (MDS) is applied to 
pairwise Wasserstein distances of data

• Recover manifold parametrizations

[Hamm, Henscheid, Kang, 22] 
https://arxiv.org/abs/2204.06645

Wassmap: Wasserstein Isometric Mapping for Image Manifold Learning

https://arxiv.org/abs/2204.06645


• studied the local linearization of the Hellinger–Kantorovich distance via its Riemannian structure.
• Hellinger–Kantorovich distance defines a metric for non-negative measures which allows for the 

creation/destruction of mass within the optimal transport framework and can be seen as a particular variant of an 
‘unbalanced’ transport problem

[CAI, CHENG, SCHMITZER, THORPE, SIIMS 22] https://arxiv.org/pdf/2102.08807.pdf

• Gromov-Wasserstein (GW) distance is invariant under translation and rotation, is practical for applications such as  
shape comparison

• defined a generalized LOT based on barycentric projection maps of transport plans, which coincides with LOT when 
the reference (base) measure is absolutely continuous 

• defined a notion of generalized linear Gromov-Wasserstein (gLGW) distance to alleviate computational cost of GW 

[Beier, Beinert, Steidl, 21] https://arxiv.org/pdf/2112.11964.pdf

The Linearized Hellinger–Kantorovich Distance

On a linear Gromov–Wasserstein distance 

[Nenna, Pass, 22] Transport type metrics on the space of probability measures involving singular base measures 

• Semi-metric inspired by generalized geodesics
• the base measure ν can be singular, e.g., concentrated on a lower dimensional manifold -- related to the unequal 

dimensional OT; If ν is concentrated on a line segment – layerwise-Wasserstein metric; LOT distance can be seen as  
a special case

• If 𝜈 abs. continuous w.r.t Lebesgue,                                                              -- LOT
• If ν = 𝛿',                                                                           -- standard Wasserstein  

https://arxiv.org/pdf/2102.08807.pdf
https://arxiv.org/pdf/2112.11964.pdf
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“looks around,” 
moves intensities 

(LOT, CDT, R-CDT):

invertible transform framework for 
Lagrangian modeling of signals & images
Connections to optimal transport

Euclidean geodesics

Summary: Transport & other Lagrangian Transforms

Nonlinear signal transform

smooth PDFs diffeomorphisms
transform

convex, 
linearly separable

nonconvex,
nonlinear

Properties

Transport geodesics

Intuition

Imagedatascience.com/transport


