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s
<latexit sha1_base64="Bs6FvmwIbZe+tPKyNsVuikC2OG4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20a1XvqlprXlfqtTyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A2yOM6w==</latexit>

ŝ(!)ĥ(!) = f̂(!)
<latexit sha1_base64="5qy2YOEFGydOva9NeUMMRR8XgAA=">AAACGnicbVDLSgMxFM34rPU16tJNsAh1U2aqoBuh4MZlBfuAzlAyaaYTmkyGJCOUod/hxl9x40IRd+LGvzGdDj5aDwTOPedebu4JEkaVdpxPa2l5ZXVtvbRR3tza3tm19/bbSqQSkxYWTMhugBRhNCYtTTUj3UQSxANGOsHoaup37ohUVMS3epwQn6NhTEOKkTZS33a9COlMTaqe4GSITmBeRz/15UwJv5W+XXFqTg64SNyCVECBZt9+9wYCp5zEGjOkVM91Eu1nSGqKGZmUvVSRBOERGpKeoTHiRPlZftoEHhtlAEMhzYs1zNXfExniSo15YDo50pGa96bif14v1eGFn9E4STWJ8WxRmDKoBZzmBAdUEqzZ2BCEJTV/hThCEmFt0iybENz5kxdJu15zT2v1m7NKo17EUQKH4AhUgQvOQQNcgyZoAQzuwSN4Bi/Wg/VkvVpvs9Ylq5g5AH9gfXwBI/6gPA==</latexit>

ŝ(!) = f̂(!)/ĥ(!)
<latexit sha1_base64="XLdn1sHDtXjiMZ5mPKfXNn+sv20=">AAACGnicbVDLSgMxFM3UV62vUZdugkWomzpTBd0IBTcuK9gHdIaSSTNtaDIZkoxQhn6HG3/FjQtF3Ikb/8Z0OhRtPRA495x7ubkniBlV2nG+rcLK6tr6RnGztLW9s7tn7x+0lEgkJk0smJCdACnCaESammpGOrEkiAeMtIPRzdRvPxCpqIju9TgmPkeDiIYUI22knu16Q6RTNal4gpMBOoXXMFPCuXKW1cN53bPLTtXJAJeJm5MyyNHo2Z9eX+CEk0hjhpTquk6s/RRJTTEjk5KXKBIjPEID0jU0QpwoP81Om8ATo/RhKKR5kYaZ+nsiRVypMQ9MJ0d6qBa9qfif1010eOWnNIoTTSI8WxQmDGoBpznBPpUEazY2BGFJzV8hHiKJsDZplkwI7uLJy6RVq7rn1drdRbley+MogiNwDCrABZegDm5BAzQBBo/gGbyCN+vJerHerY9Za8HKZw7BH1hfPzWtoEs=</latexit>

Z
s(u)h(t� u)du = f(t)

<latexit sha1_base64="pYq/pLW+GlCO3xEk+gKgAALK4kk=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBYhXViSKuhGKLhxWcE+oA1lMpm0QycPZm6EEgpu/BU3LhRx60+482+ctllo64FhDufcy733eIngCmz72yisrK6tbxQ3S1vbO7t75v5BS8WppKxJYxHLjkcUEzxiTeAgWCeRjISeYG1vdDP12w9MKh5H9zBOmBuSQcQDTgloqW8e9XgEWFlpBQ8tONOfn+JrHFhQ6Ztlu2rPgJeJk5MyytHom189P6ZpyCKggijVdewE3IxI4FSwSamXKpYQOiID1tU0IiFTbja7YYJPteLjIJb66Y1m6u+OjIRKjUNPV4YEhmrRm4r/ed0Ugis341GSAovofFCQCgwxngaCfS4ZBTHWhFDJ9a6YDokkFHRsJR2Cs3jyMmnVqs55tXZ3Ua7X8jiK6BidIAs56BLV0S1qoCai6BE9o1f0ZjwZL8a78TEvLRh5zyH6A+PzBx6llTM=</latexit>

signal domain transform domain signal domain

Fourier transform: forward inverse

difficult to solve easier to solve

ŝ(!) =

Z
s(t)e�jwtdt

<latexit sha1_base64="eM3tUAlIfYGlsTjWg7T1OHl8KYg=">AAACEnicbVDJSgNBEO2JW4xb1KOXxiAkB8NMFPQiBLx4jGAWyMTQ06kkbXoWumuUMOQbvPgrXjwo4tWTN//GznLQxAcFj/eqqKrnRVJotO1vK7W0vLK6ll7PbGxube9kd/dqOowVhyoPZagaHtMgRQBVFCihESlgvieh7g0ux379HpQWYXCDwwhaPusFois4QyO1swW3zzDRo7wb+tBjBXpBXREg1XksULhNju/oA8UR7WA7m7OL9gR0kTgzkiMzVNrZL7cT8tiHALlkWjcdO8JWwhQKLmGUcWMNEeMD1oOmoQHzQbeSyUsjemSUDu2GypQ5Z6L+nkiYr/XQ90ynz7Cv572x+J/XjLF73kpEEMUIAZ8u6saSYkjH+dCOUMBRDg1hXAlzK+V9phhHk2LGhODMv7xIaqWic1IsXZ/myqVZHGlyQA5JnjjkjJTJFamQKuHkkTyTV/JmPVkv1rv1MW1NWbOZffIH1ucPeOCcBA==</latexit>

transform

New signal transform: 

s(t) =
d

dt
(ŝ)�1

<latexit sha1_base64="mxEqGEvG5fxl1Y3KfYgNaHKTyuE=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUFICsNuFLURAjaWEcwDsmuYnZ1Nhsw+mLkrhGV7G3/FxkIRW3/Azr9x8ig08cCFwzn3cu89biy4AtP8NnIrq2vrG/nNwtb2zu5ecf+graJEUtaikYhk1yWKCR6yFnAQrBtLRgJXsI47up74nQcmFY/COxjHzAnIIOQ+pwS01C+WVAWq+ArbviQ09bLUgwxX7CGBVGXV+/TEyvrFslkzp8DLxJqTMpqj2S9+2V5Ek4CFQAVRqmeZMTgpkcCpYFnBThSLCR2RAetpGpKAKSed/pLhY6142I+krhDwVP09kZJAqXHg6s6AwFAtehPxP6+XgH/ppDyME2AhnS3yE4EhwpNgsMcloyDGmhAqub4V0yHRqYCOr6BDsBZfXibtes06rdVvz8qN83kceXSESqiCLHSBGugGNVELUfSIntErejOejBfj3fiYteaM+cwh+gPj8wdhNpn5</latexit>

forward

inverse

signal domain transform domain

difficult to solve easier to solve

<latexit sha1_base64="u7SIEbQVzMvXu1pIx3AeJvbmuOU="></latexit>

s(t) =
1

2⇡

Z
ŝ(!)ek!td!

CDT,
SCDT
R-CDT
LOT
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“looks around,” 
moves intensities 

(LOT, CDT, R-CDT):

invertible transform framework for 
Lagrangian modeling of signals & images
Connections to optimal transport

Euclidean geodesics

Summary: Transport & other Lagrangian Transforms

Nonlinear signal transform

smooth PDFs diffeomorphisms
transform

convex, 
linearly separable

nonconvex,
nonlinear

Properties

Transport geodesics

Intuition

Imagedatascience.com/transport



Topics covered

• Optimal transport overview

• Applications
– Nonlinear signal estimation
– Model-based inverse problems
– Transport-based morphometry (TBM)
– Machine learning (e.g. classification)

• Representing signals/images with transport transform/embeddings

• Summary



Outline

• Motivation
– Transport-like processes
– Nonlinear systems

• Estimation
– Model training, parameter estimation
– Inverse problems

• Transport-based morphometry
– Cells, tissues, organs, faces, communications
– Classification



Motivation



Model for signal/image deformations (transportations)

<latexit sha1_base64="PUF1yjQGrfI7Me5h2hBcT+LJsUw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxCIo8ENmR26IWR2dnNzKyREL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7KXrVcaVRKtWoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOWLjPk=</latexit>x

<latexit sha1_base64="loVKVRSx2yRRPd/zaE/WmxpdTSQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx4MVjBfuB7VKyabYNTbJLki2Wpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49u5355QpVkkH8w0pr7AQ8lCRrCx0mNvglU8YuWny36x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XF8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCMTofn7aMAUJYZPLcFEMXsrIiOsMDE2pIINwVt9eZ20qhXvqlK7r5Xq1SyOPJzBOZTBg2uowx00oAkEJDzDK7w52nlx3p2PZWvOyWZO4Q+czx8iepCG</latexit>

'(x)

<latexit sha1_base64="PUF1yjQGrfI7Me5h2hBcT+LJsUw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY8kXjxCIo8ENmR26IWR2dnNzKyREL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkSleSzvzSRBP6JDyUPOqLFS46lfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1440+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtK7KXrVcaVRKtWoWRx7O4BwuwYNrqMEd1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AOWLjPk=</latexit>x

<latexit sha1_base64="Zr2nTW6VmWd2wrHr0CDp1t0y6+k=">AAAB+3icbZDNTgIxFIXv4B/i34hLN43ECBsyQ4i6JHHjEhNBEpiQTulAQ6czaTsEMuFV3LjQGLe+iDvfxgKzUPAkTb6ce2/u7fFjzpR2nG8rt7W9s7uX3y8cHB4dn9inxbaKEkloi0Q8kh0fK8qZoC3NNKedWFIc+pw++eO7Rf1pQqVikXjUs5h6IR4KFjCCtbH6dnF4VZ5WehMs4xErDw1X+nbJqTpLoU1wMyhBpmbf/uoNIpKEVGjCsVJd14m1l2KpGeF0XuglisaYjPGQdg0KHFLlpcvb5+jSOAMURNI8odHS/T2R4lCpWeibzhDrkVqvLcz/at1EB7deykScaCrIalGQcKQjtAgCDZikRPOZAUwkM7ciMsISE23iKpgQ3PUvb0K7VnWvq/WHeqlRy+LIwzlcQBlcuIEG3EMTWkBgCs/wCm/W3Hqx3q2PVWvOymbO4I+szx8BnpMW</latexit>

g0(x)'(g(x))

<latexit sha1_base64="pHRDT0baew2gA8JAv7J4eNWIbYY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpHH16XJYrrg1dwG0TrycVCBHa1j+GowikggqDeFY677nxsZPsTKMcDovDRJNY0ymeEz7lkosqPbTxa1zdGGVEQojZUsatFB/T6RYaD0Tge0U2Ez0qpeJ/3n9xIQ3fspknBgqyXJRmHBkIpQ9jkZMUWL4zBJMFLO3IjLBChNj4ynZELzVl9dJp17zrmqN+0alWc/jKMIZnEMVPLiGJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHbASNyw==</latexit>

g(x)

<latexit sha1_base64="Rv77w41TsQrrGKlRlwHmJzavpoY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY8OIxAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9q7KlXqlVL3I4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+KJjO8=</latexit>x

<latexit sha1_base64="loVKVRSx2yRRPd/zaE/WmxpdTSQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx4MVjBfuB7VKyabYNTbJLki2Wpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H49u5355QpVkkH8w0pr7AQ8lCRrCx0mNvglU8YuWny36x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XF8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCMTofn7aMAUJYZPLcFEMXsrIiOsMDE2pIINwVt9eZ20qhXvqlK7r5Xq1SyOPJzBOZTBg2uowx00oAkEJDzDK7w52nlx3p2PZWvOyWZO4Q+czx8iepCG</latexit>

'(x)

Translation:

<latexit sha1_base64="QObjs7u39TrhEb4x+VFZ5Pp6ZbQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FL96sYFuhCWWznbRLN5uwuxFL6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjtk4yxbDFEpGoh5BqFFxiy3Aj8CFVSONQYCccXc/8ziMqzRN5b8YpBjEdSB5xRo2V/Cfic0n82xgHtFeuuFV3DrJKvJxUIEezV/7y+wnLYpSGCap113NTE0yoMpwJnJb8TGNK2YgOsGuppDHqYDK/eUrOrNInUaJsSUPm6u+JCY21Hseh7YypGeplbyb+53UzE10FEy7TzKBki0VRJohJyCwA0ucKmRFjSyhT3N5K2JAqyoyNqWRD8JZfXiXtWtW7qNbv6pVGLY+jCCdwCufgwSU04Aaa0AIGKTzDK7w5mfPivDsfi9aCk88cwx84nz80F5Eb</latexit>

x 2 ⌦

<latexit sha1_base64="pHRDT0baew2gA8JAv7J4eNWIbYY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpHH16XJYrrg1dwG0TrycVCBHa1j+GowikggqDeFY677nxsZPsTKMcDovDRJNY0ymeEz7lkosqPbTxa1zdGGVEQojZUsatFB/T6RYaD0Tge0U2Ez0qpeJ/3n9xIQ3fspknBgqyXJRmHBkIpQ9jkZMUWL4zBJMFLO3IjLBChNj4ynZELzVl9dJp17zrmqN+0alWc/jKMIZnEMVPLiGJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHbASNyw==</latexit>

g(x)

<latexit sha1_base64="nmxwqhi4qFj4lWI/q8HP10AaZFY=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpJliEdlOSUtRlQRcuK9gLtCFMptN26GQSZibFEOqruHGhiFsfxJ1v46TNQlt/GPj4zzmcM78fMSqVbX8bG5tb2zu7hb3i/sHh0bF5ctqRYSwwaeOQhaLnI0kY5aStqGKkFwmCAp+Rrj+9yerdGRGShvxBJRFxAzTmdEQxUtryzNKtN648VgczJKIJrWRc9cyyXbMXstbByaEMuVqe+TUYhjgOCFeYISn7jh0pN0VCUczIvDiIJYkQnqIx6WvkKCDSTRfHz60L7QytUSj048pauL8nUhRImQS+7gyQmsjVWmb+V+vHanTtppRHsSIcLxeNYmap0MqSsIZUEKxYogFhQfWtFp4ggbDSeRV1CM7ql9ehU685l7XGfaPcrOdxFOAMzqECDlxBE+6gBW3AkMAzvMKb8WS8GO/Gx7J1w8hnSvBHxucP6vOTnA==</latexit>

Dg(x)'(g(x))

<latexit sha1_base64="nttJJV1m3fCIyUXgBjqv77K0SEM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiwbAbgnoRAl48RjAPSJYwO5kkQ2YfzvSGhCXf4cWDIl79GG/+jZNkD5pY0FBUddPd5UVSaLTtb2ttfWNzazuzk93d2z84zB0d13UYK8ZrLJShanpUcykCXkOBkjcjxanvSd7whnczvzHiSosweMRJxF2f9gPRE4yikdx+YXxBbsn4so007uTydtGeg6wSJyV5SFHt5L7a3ZDFPg+QSap1y7EjdBOqUDDJp9l2rHlE2ZD2ecvQgPpcu8n86Ck5N0qX9EJlKkAyV39PJNTXeuJ7ptOnONDL3kz8z2vF2LtxExFEMfKALRb1YkkwJLMESFcozlBODKFMCXMrYQOqKEOTU9aE4Cy/vErqpaJzVSw/lPOVUhpHBk7hDArgwDVU4B6qUAMGT/AMr/BmjawX6936WLSuWenMCfyB9fkDA4SQ7Q==</latexit>

g(x) = x� ⌧

Scaling:
<latexit sha1_base64="TBlETAy2lu35SaGUlwaSIMskTDw=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHoxIfHiERMBDWxIt3Shoe1u2q6BbPgVXjxojFd/jjf/jQX2oOBLJnl5byYz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Ug8B1pQzSZuGGU4fYkWxCDhtB6Obmd9+okqzSN6bSUx9gQeShYxgY6XHQXl8jq4RHveKJbfizoFWiZeREmRo9Ipf3X5EEkGlIRxr3fHc2PgpVoYRTqeFbqJpjMkID2jHUokF1X46P3iKzqzSR2GkbEmD5urviRQLrScisJ0Cm6Fe9mbif14nMeGVnzIZJ4ZKslgUJhyZCM2+R32mKDF8YgkmitlbERlihYmxGRVsCN7yy6ukVa14F5XaXa1Ur2Zx5OEETqEMHlxCHW6hAU0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4AMvePUw==</latexit>

g(x) = ax

<latexit sha1_base64="RaMgbckkieCZlT7z+YGRojdKXzs=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyUpRd0IBTcuK9gHtCFMppN2yMwkzEzEErpw46+4caGIWz/CnX/jtM1CWw9cOJxzL/feEySMKu0431ZhbX1jc6u4XdrZ3ds/sA+POipOJSZtHLNY9gKkCKOCtDXVjPQSSRAPGOkG0fXM794TqWgs7vQkIR5HI0FDipE2km+XR9WHM3gFByrlfgSxqUEypn5kZN+uODVnDrhK3JxUQI6Wb38NhjFOOREaM6RU33US7WVIaooZmZYGqSIJwhEakb6hAnGivGz+xBSeGmUIw1iaEhrO1d8TGeJKTXhgOjnSY7XszcT/vH6qw0svoyJJNRF4sShMGdQxnCUCh1QSrNnEEIQlNbdCPEYSYW1yK5kQ3OWXV0mnXnPPa43bRqVZz+MogjI4AVXgggvQBDegBdoAg0fwDF7Bm/VkvVjv1seitWDlM8fgD6zPHyMFlnc=</latexit>

g(x) =
X

k

ck�k(x)

Nonrigid deformations:
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What processes change signal/pixel intensity over time?

source/sink term

dI(x, y, z, t)

dt
= �r · (I(x, y, z, t)v(x, y, z, t)) + ⇢(I, x, y, z, t)

net flux
tissue velocity

change in intensity at 
particular location

continuity equation

Johnson et al, JCB, 2015 Nist lab, MNI

0 – 48 monthsactin

intensities not absolute

v
<latexit sha1_base64="QtqIUzeScs4JXtURwi0rd9xuryQ=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapippba7ghuXFewD26Fk0kwbmskMSaZQhv6FGxeKuPVv3Pk3ZtpSVPRA4HDOveTc48ecKe04n1ZuY3Nreye/W9jbPzg8Kh6ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjT24yvzOlUrFI3OtZTL0QjwQLGMHaSA/9EOuxH6TT+aBYcux6vV6rVZFrOwugpVJx1koJVmgOih/9YUSSkApNOFaq5zqx9lIsNSOczgv9RNEYkwke0Z6hAodUeeki8RxdGGWIgkiaJzRaqN83UhwqNQt9M5klVL+9TPzL6yU6qHkpE3GiqSDLj4KEIx2h7Hw0ZJISzWeGYCKZyYrIGEtMtCmpYEpY3/4/aZdt98ou31VKjeqqjjycwTlcggvX0IBbaEILCAh4hGd4sZT1ZL1ab8vRnLXaOYUfsN6/AHlFkWs=</latexit>

flow/velocity
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Transport with least action (optimal transport)

dI(x, t)

dt
= �r · (I(x, y)v(x, t))

<latexit sha1_base64="Hna4VbIU9s/ipkm3CUfhSwhmvQY="></latexit>

I(x, t) = Df (x)I0(f(x, t))
<latexit sha1_base64="+X7bGL54y/osMHOia+DiWKJXm/A=">AAACA3icdVDLSgMxFM34rPVVdaebYBGmICXTWqwLoaALu6tgH9AOQybNtKGZB0lGWkrBjb/ixoUibv0Jd/6N6bSCih64cDjnXu69x404kwqhD2NhcWl5ZTW1ll7f2NzazuzsNmQYC0LrJOShaLlYUs4CWldMcdqKBMW+y2nTHVxM/eYtFZKFwY0aRdT2cS9gHiNYacnJ7FfN4bHKwXN46XjmMFd1kOklUs7JZFG+XCoUSwgmpITOZqRoIWjlUYIsmKPmZN473ZDEPg0U4VjKtoUiZY+xUIxwOkl3YkkjTAa4R9uaBtin0h4nP0zgkVa60AuFrkDBRP0+Mca+lCPf1Z0+Vn3525uKf3ntWHlle8yCKFY0ILNFXsyhCuE0ENhlghLFR5pgIpi+FZI+FpgoHVtah/D1KfyfNAp5q5gvXJ9kK4V5HClwAA6BCSxwCirgCtRAHRBwBx7AE3g27o1H48V4nbUuGPOZPfADxtsnkwWU4w==</latexit>

f(x, t) =

Z t

0
v(x, t)dt

<latexit sha1_base64="/8BXIj5xW1zTW3gILiMGdPBQtco=">AAACBHicdVBNSwMxEM36WetX1WMvwSJUkJJtLdaDUPDiUcFaoV1LNs1qaDa7JLPFsvTgxb/ixYMiXv0R3vw3ph+Cij4YeLw3w8w8P5bCACEfzszs3PzCYmYpu7yyurae29i8MFGiGW+wSEb60qeGS6F4AwRIfhlrTkNf8qbfOx75zT7XRkTqHAYx90J6rUQgGAUrdXL5oHi7B7v4CLeFgg65AtyfKF3o5AqkVKuWK1WCx6RKDiek4hLslsgYBTTFaSf33u5GLAm5AiapMS2XxOClVINgkg+z7cTwmLIeveYtSxUNufHS8RNDvGOVLg4ibUsBHqvfJ1IaGjMIfdsZUrgxv72R+JfXSiCoealQcQJcscmiIJEYIjxKBHeF5gzkwBLKtLC3YnZDNWVgc8vaEL4+xf+Ti3LJrZTKZ/uFenkaRwbl0TYqIhcdoDo6QaeogRi6Qw/oCT07986j8+K8TlpnnOnMFvoB5+0TyyWWPw==</latexit>

implies

Theorem: 

sample images 
in a dataset

I(x, 0) = I0(x)
<latexit sha1_base64="rAefWsQ0ipOxnZgD/5kdErDSoWI=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VoQcIktVgXQsGN3VWwD2hDmEyn7dDJg5lJaQn9EzcuFHHrn7jzb0zSCip64MLhnHu59x435EwqhD603Nr6xuZWfruws7u3f6AfHrVlEAlCWyTggei6WFLOfNpSTHHaDQXFnstpx53cpH5nSoVkgX+v5iG1PTzy2ZARrBLJ0fVGaXaOyvAaNhxUmpULjl5ERq1qVaoIZqSKrpakYiJoGihDEazQdPT3/iAgkUd9RTiWsmeiUNkxFooRTheFfiRpiMkEj2gvoT72qLTj7PIFPEuUARwGIilfwUz9PhFjT8q55yadHlZj+dtLxb+8XqSGNTtmfhgp6pPlomHEoQpgGgMcMEGJ4vOEYCJYciskYywwUUlYaQhfn8L/SdsyzIph3V0U69Yqjjw4AaegBExwCergFjRBCxAwBQ/gCTxrsfaovWivy9actpo5Bj+gvX0CwdKRHA==</latexit>

I(x, 1) = I1(x)
<latexit sha1_base64="JoJFMjWZbD1HjVDClrsqjr6zKgE=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VoQcIktVgXQsGN3VWwD2hDmEyn7dDJg5lJaQn9EzcuFHHrn7jzb0zSCip64MLhnHu59x435EwqhD603Nr6xuZWfruws7u3f6AfHrVlEAlCWyTggei6WFLOfNpSTHHaDQXFnstpx53cpH5nSoVkgX+v5iG1PTzy2ZARrBLJ0fVGaXZuluE1bDhmaVYuOHoRGbWqVakimJEqulqSiomgaaAMRbBC09Hf+4OARB71FeFYyp6JQmXHWChGOF0U+pGkISYTPKK9hPrYo9KOs8sX8CxRBnAYiKR8BTP1+0SMPSnnnpt0eliN5W8vFf/yepEa1uyY+WGkqE+Wi4YRhyqAaQxwwAQlis8Tgolgya2QjLHARCVhpSF8fQr/J23LMCuGdXdRrFurOPLgBJyCEjDBJaiDW9AELUDAFDyAJ/Csxdqj9qK9Lltz2mrmGPyA9vYJxOmRHg==</latexit>

f(x, t) = (1� t)x+ tr�
<latexit sha1_base64="0sKpLr+yeJOZfFshq9+tR13wplM=">AAACCXicdVBNSwMxEM3Wr1q/qh69DBahopbd1qIeBMGLRwWrQltKNs22odnsksxKS+nVi3/FiwdFvPoPvPlvTD8EFX0wzOO9GZJ5fiyFQdf9cFJT0zOzc+n5zMLi0vJKdnXtykSJZrzCIhnpG58aLoXiFRQo+U2sOQ19ya/9zunQv77l2ohIXWIv5vWQtpQIBKNopUYWgnx3F7fhGPLenu1d2AGEmqK+pFCL26KRzbmFw3KxVHZhRMru0ZiUPBe8gjtCjkxw3si+15oRS0KukElqTNVzY6z3qUbBJB9kaonhMWUd2uJVSxUNuan3R5cMYMsqTQgibUshjNTvG30aGtMLfTsZUmyb395Q/MurJhgc1vtCxQlyxcYPBYkEjGAYCzSF5gxlzxLKtLB/BdammjK04WVsCF+Xwv/kqljwSoXixX7upDiJI002yCbJE48ckBNyRs5JhTByRx7IE3l27p1H58V5HY+mnMnOOvkB5+0T2saXQw==</latexit>

W 2(I0, I1) = inf
v

Z 1

0

Z

⌦
I(x, t)|v(x, t)|2dxdt

<latexit sha1_base64="w6hLw1JDY7Zvt6PMFb+FS1Lia+0="></latexit>

gradient of 
convex function

[Benamou, Brenier, Numer. Math, 2000]

I0
<latexit sha1_base64="DxOYWHPtCUvfqaz3BnYPK7BwLrc=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZndGIy3gBe9RTQPSJYwO5lNhsw+mJkVwpJP8OJBEa9+kTf/xskmgooWNBRV3XR3+YngSmP8YRVWVtfWN4qbpa3tnd298v5BW8WppKxFYxHLrk8UEzxiLc21YN1EMhL6gnX8yeXc79wzqXgc3elpwryQjCIecEq0kW6vB3hQrmC7XnOrNYxyUsMXC1J1MHJsnKMCSzQH5ff+MKZpyCJNBVGq5+BEexmRmlPBZqV+qlhC6ISMWM/QiIRMeVl+6gydGGWIgliaijTK1e8TGQmVmoa+6QyJHqvf3lz8y+ulOqh7GY+SVLOILhYFqUA6RvO/0ZBLRrWYGkKo5OZWRMdEEqpNOiUTwten6H/Sdm2nars3Z5WGu4yjCEdwDKfgwDk04Aqa0AIKI3iAJ3i2hPVovVivi9aCtZw5hB+w3j4BJiaNqw==</latexit>

I1
<latexit sha1_base64="q2peEDo1AjNdL+/BSecg9LzHx2s=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hSi/VW8KK3ivYD2lA22027dLMJuxuhhP4ELx4U8eov8ua/cZtWUNEHA4/3ZpiZFyScKe04H1ZhZXVtfaO4Wdra3tndK+8ftFWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTC7nfueeSsVicaenCfUjPBIsZARrI91eD9xBueLY9ZpXrTkoJzXnYkGqroNc28lRgSWag/J7fxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX6WnzpDJ0YZojCWpoRGufp9IsORUtMoMJ0R1mP125uLf3m9VId1P2MiSTUVZLEoTDnSMZr/jYZMUqL51BBMJDO3IjLGEhNt0imZEL4+Rf+Ttme7Vdu7Oas0vGUcRTiCYzgFF86hAVfQhBYQGMEDPMGzxa1H68V6XbQWrOXMIfyA9fYJJ6qNrA==</latexit>

I(x, t)
<latexit sha1_base64="6NEfJKKU8n2e0wSIKDVU61pz1Uc=">AAAB7XicdVDLSgMxFM3UV62vqks3wSJUkCEztVh3BTe6q2Af0A4lk2ba2ExmSDJiGfoPblwo4tb/ceffmE4rqOiBC4dz7uXee/yYM6UR+rByS8srq2v59cLG5tb2TnF3r6WiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3wx89t3VCoWiRs9iakX4qFgASNYG6l1Vb4/0cf9YgnZtapbqSKYkSo6n5OKg6BjowwlsECjX3zvDSKShFRowrFSXQfF2kux1IxwOi30EkVjTMZ4SLuGChxS5aXZtVN4ZJQBDCJpSmiYqd8nUhwqNQl90xliPVK/vZn4l9dNdFDzUibiRFNB5ouChEMdwdnrcMAkJZpPDMFEMnMrJCMsMdEmoIIJ4etT+D9pubZTsd3r01LdXcSRBwfgEJSBA85AHVyCBmgCAm7BA3gCz1ZkPVov1uu8NWctZvbBD1hvn+KrjqM=</latexit>



Modeling light propagation in turbulence

Z

u(�x, z)

�(�x, 0) �(�x,Z)

�(�x, z)

x1

x2

�x � (x1 , x2 ) 1+

Light propagation path under turbulence

Continuity eq. 

Momentum eq.

: magnitude of the EM field
: velocity in the transverse plane
: displacement in transverse plane
: refractive index

Nichols, Emerson, Rohde, Journal of Modern Optics, 2019.
Nichols, Emerson, Cattell, Park, Kanaev, Bucholtz, Watnik, Doster, GK Rohde, Applied Optics, 2018



Model/parameter estimation
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Parametric signal estimation

<latexit sha1_base64="iyCQjBDEEaDCkRUDVQe6f3a0+gg=">AAACA3icbVDLSgNBEJyNrxhfq970MhiEBDHshqBehIAXjxHMA7JLmJ3MJkNmH8z0CmEJePFXvHhQxKs/4c2/cZLsQRMLGoqqbrq7vFhwBZb1beRWVtfWN/Kbha3tnd09c/+gpaJEUtakkYhkxyOKCR6yJnAQrBNLRgJPsLY3upn67QcmFY/CexjHzA3IIOQ+pwS01DOPZAnK+BqrEpw7QJIyPsMOA6LVnlm0KtYMeJnYGSmiDI2e+eX0I5oELAQqiFJd24rBTYkETgWbFJxEsZjQERmwrqYhCZhy09kPE3yqlT72I6krBDxTf0+kJFBqHHi6MyAwVIveVPzP6ybgX7kpD+MEWEjni/xEYIjwNBDc55JREGNNCJVc34rpkEhCQcdW0CHYiy8vk1a1Yl9Uane1Yr2axZFHx+gElZCNLlEd3aIGaiKKHtEzekVvxpPxYrwbH/PWnJHNHKI/MD5/AAcjlS0=</latexit>

r(t) = s(t� ⌧) + ⌘(t)
<latexit sha1_base64="zAhv+RSZFFcvGNjmBYV0YoiYadY=">AAACCnicbVDJSgNBEO1xN25Rj15ag5AghpkQ1IsQ8OIxglkgE0JNpxIbexa6a4QQPHvxV7x4UMSrX+DNv7GzHDT6oODxXhVV9YJESUOu++XMzS8sLi2vrGbW1jc2t7LbO3UTp1pgTcQq1s0ADCoZYY0kKWwmGiEMFDaC24uR37hDbWQcXdMgwXYI/Uj2pACyUie7r/NU4Ofc5P04xD5wOvYJ0gI/4j4SWLOTzblFdwz+l3hTkmNTVDvZT78bizTEiIQCY1qem1B7CJqkUHif8VODCYhb6GPL0ghCNO3h+JV7fmiVLu/F2lZEfKz+nBhCaMwgDGxnCHRjZr2R+J/XSql31h7KKEkJIzFZ1EsVp5iPcuFdqVGQGlgCQkt7Kxc3oEGQTS9jQ/BmX/5L6qWid1IsX5VzldI0jhW2xw5YnnnslFXYJauyGhPsgT2xF/bqPDrPzpvzPmmdc6Yzu+wXnI9vIQKX+A==</latexit>

r(t) = s(!t� ⌧) + ⌘(t)

Static object:

Moving object:

AHM Rubaiyat, KM Hallam, JM Nichols, MN Hutchinson, S Li, GK Rohde, Parametric Signal Estimation 
Using the Cumulative Distribution Transform, IEEE Trans. Signal Processing, 68, pp. 3312-3324, 2020.

<latexit sha1_base64="WK4sakUiww0FpsqA5Ob5mrBKIQE=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSlKJuhIIblxXsA5oQJtNJOnTyYOZGKKVu/BU3LhRx61+482+ctllo64ELh3Pu5d57/FRwBZb1bRRWVtfWN4qbpa3tnd09c/+grZJMUtaiiUhk1yeKCR6zFnAQrJtKRiJfsI4/vJn6nQcmFU/iexilzI1IGPOAUwJa8syj0EsrcIavsZNELCQY8Dl2gGSeWbaq1gx4mdg5KaMcTc/8cvoJzSIWAxVEqZ5tpeCOiQROBZuUnEyxlNAhCVlP05hETLnj2QcTfKqVPg4SqSsGPFN/T4xJpNQo8nVnRGCgFr2p+J/XyyC4csc8TjNgMZ0vCjKBIcHTOHCfS0ZBjDQhVHJ9K6YDIgkFHVpJh2AvvrxM2rWqfVGt39XLjVoeRxEdoxNUQTa6RA10i5qohSh6RM/oFb0ZT8aL8W58zFsLRj5ziP7A+PwBs+qVGA==</latexit>

gp(t) = !t� ⌧

<latexit sha1_base64="MfjeFh+Mi4C7DMDWZu5/YRPRSrk="></latexit>

Ar,s(⌧,!) =
p
!

Z
r(t)s(!t� ⌧)dt

<latexit sha1_base64="7DbYjpUbvMhqIf9YM5tDIl2nhN0=">AAACGXicbVDLSgNBEJz1GeMr6tHLYBAixLAroh4jXjxGMA/IhqV3MkkGZ2aXmVkhbPIbXvwVLx4U8agn/8bJ4xATCxqKqm66u8KYM21c98dZWl5ZXVvPbGQ3t7Z3dnN7+zUdJYrQKol4pBohaMqZpFXDDKeNWFEQIaf18OFm5NcfqdIskvemH9OWgK5kHUbAWCnIuT6oLvYFk0HqG0iKfiRoF4b4dHAdpKqoh4UZ+QQPglzeLblj4EXiTUkeTVEJcl9+OyKJoNIQDlo3PTc2rRSUYYTTYdZPNI2BPECXNi2VIKhupePPhvjYKm3ciZQtafBYnZ1IQWjdF6HtFGB6et4bif95zcR0rlopk3FiqCSTRZ2EYxPhUUy4zRQlhvctAaKYvRWTHiggxoaZtSF48y8vktpZybsond+d58tn0zgy6BAdoQLy0CUqo1tUQVVE0BN6QW/o3Xl2Xp0P53PSuuRMZw7QHzjfv5pun/4=</latexit>

argmin
⌧,!

�|Ar,s(⌧,!)|

<latexit sha1_base64="N3+2g1gyU5wMJ1aAgoOcnyxi02I=">AAACGnicbVDLSgMxFM34rPVVdekmWIQKtswMRd0IBTcuK9gHdGq5k6ZtMPMguSOUsd/hxl9x40IRd+LGvzF9LNR6IHByzrkk9/ixFBpt+8taWFxaXlnNrGXXNza3tnM7u3UdJYrxGotkpJo+aC5FyGsoUPJmrDgEvuQN//Zi7DfuuNIiCq9xGPN2AP1Q9AQDNFIn5zRu3II61kf0nHr31IsC3gfqDQBTNaJF6iEktDi565FJ3LidXN4u2RPQeeLMSJ7MUO3kPrxuxJKAh8gkaN1y7BjbKSgUTPJR1ks0j4HdQp+3DA0h4LqdTlYb0UOjdGkvUuaESCfqz4kUAq2HgW+SAeBA//XG4n9eK8HeWTsVYZwgD9n0oV4iKUZ03BPtCsUZyqEhwJQwf6VsAAoYmjazpgTn78rzpO6WnJNS+aqcr7izOjJknxyQAnHIKamQS1IlNcLIA3kiL+TVerSerTfrfRpdsGYze+QXrM9vnhyewA==</latexit>

W 2(r, s) = k!r̂ � ⌧ � ŝk2
<latexit sha1_base64="gdPdfb2gM+gigQWEv3CPDIuyds8=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei+BCy0wp6koENy4r2Cp0armTpm0wyQzJHaGM/Rs3/oobQUV06Z+YabvwdSBwcs65JPdEiRQWff/Dm5qemZ2bX1gsLC2vrK4V1zcaNk4N43UWy9hcRWC5FJrXUaDkV4nhoCLJL6Ob09y/vOXGilhf4CDhLQU9LbqCATqpXTwOwfRoqIRuZyFCuhfGivdgSMM7OqY07ANmZkj3aR6g+6O7zRPXlXax5Jf9EehfEkxIiUxQaxefw07MUsU1MgnWNgM/wVYGBgWTfFgIU8sTYDfQ401HNShuW9lozyHdcUqHdmPjjkY6Ur9PZKCsHajIJRVg3/72cvE/r5li96iVCZ2kyDUbP9RNJcWY5qXRjjCcoRw4AswI91fK+mCAoau24EoIfq/8lzQq5eCgXD2vlk4qkzoWyBbZJrskIIfkhJyRGqkTRu7JI3khr96D9+S9ee/j6JQ3mdkkP+B9fgFBaKWA</latexit>

argmin
⌧,!

k!r̂ � ⌧ � ŝk2

Traditional approach: Wasserstein minimization

computationally expensive
global optimization required

linear least squares
cheap to compute
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Parametric signal estimation

AHM Rubaiyat, KM Hallam, JM Nichols, MN Hutchinson, S Li, GK Rohde, Parametric Signal Estimation 
Using the Cumulative Distribution Transform, IEEE Trans. Signal Processing, 68, pp. 3312-3324, 2020.

orders of magnitude cheaper to compute
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Parametric signal estimation in structural health monitoring

AHM Rubaiyat, KM Hallam, JM Nichols, MN Hutchinson, S Li, GK Rohde, Parametric Signal Estimation 
Using the Cumulative Distribution Transform, IEEE Trans. Signal Processing, 68, pp. 3312-3324, 2020.

Crack localization

Estimate 
TDOA in 

CDT 
domain



Modeling phase
sample  database transform PCA model

Enhancing an image
Find model parameters that best match data

Model-based inverse problems
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Model: M↵ = Df↵(x)I0(f↵(x)) f↵(x) =
X

k

↵k�k(x)

Transport PCA 
trained on high 
res database

Fit: min
↵

kI � VM↵k2

degradation

low-res data

B-spline 
interp.

compressed
sensing

K-means 
nonlinear 
mapping

Kernel PCA transport 
method

ground 
truth

Input low-
res data

[Kolouri, Rohde, CVPR 2015]

5x6 pixels!

Application: single image super resolution

PULSE 
generative 
modeling
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FBP Demons SparseMRI Proposed High-res

N = 21

N = 8

N = 2

Application: real time cardiac MRI

Real time:

Radial K-space FBP-recon. Desired

few K-space lines ≠

[Cattell, Meyer, Epstein, Rohde, IEEE Asilomar 17]
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Transport-based Morphometry (TBM)
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Biomedical image data science

Hypothesis testing
Are there differences?

Understanding
If so, can we model them?

Are fitness and gray matter morphology related?

Class 1:
persons with low 
fitness index

Class 2:
persons with high 
fitness index

magnetic 
resonance 
imaging (MRI)

Is nuclear morphology related to cancer?

Class 1:
nuclei from 
benign tissues

Class 2:
nuclei from 
malignant tissues

digital pathology 
(microscopy)



Transport-based morphometry (TBM)

. . .

I1

I2

I3

I4

I0
f1

f2
f3
f4

transport maps

1) Transform

PCA, LDA, CCA, …
modeling variations

• PCA, least squares, …

modeling differences
• LDA, SVM, …

modeling relationships
• CCA, …

2) regression 3) Inverse transform

visualization

signal space transform space model in image space

statistical regression (PCA, LDA, CCA, …)

f1
f2

f3
f4

match to 
reference
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Pathology, whole slide imaging 

segmentation

segmented nuclei
Example: nuclear structure in cancer

Aberrations in genetic 
code and/or increase in 
transcriptional activity 

Unfolding/repackaging 
of chromatin à change 
in nuclear configuration

normal cancer



Exploratory analysis: PCA on transport maps

learned “features”

(shape + texture)Modeling chromatin variation in liver cancer
database

aDf�1
↵

(x)s0(f
�1
↵ (x))

<latexit sha1_base64="HJhgb8SnMkPs6D2BMtkTlCIciZk=">AAACFHicdZBLSwMxFIUz9VXrq+rSTbAILWKZqYW2u4IuXFawD2jrcCfNtKGZB0lGLEN/hBv/ihsXirh14c5/Y/oQWtEDgcN37iXJcULOpDLNLyOxsrq2vpHcTG1t7+zupfcPGjKIBKF1EvBAtByQlDOf1hVTnLZCQcFzOG06w4tJ3ryjQrLAv1GjkHY96PvMZQSURnb6FC7t2LU7wMMB3MZn1nicvc9haZvZJaphzk5nrLw5FTbzFa1ScW4qFv6JMmiump3+7PQCEnnUV4SDlG3LDFU3BqEY4XSc6kSShkCG0KdtbX3wqOzG00+N8YkmPewGQh9f4Sld3IjBk3LkOXrSAzWQv7MJ/CtrR8otd2Pmh5GiPpld5EYcqwBPGsI9JihRfKQNEMH0WzEZgACidI+pxRL+N41C3jrPF66LmWp5XkcSHaFjlEUWKqEqukI1VEcEPaAn9IJejUfj2Xgz3mejCWO+c4iWZHx8A9ZcnWg=</latexit>

PCA eigenvectorf↵(x) = f(x) + ↵w(x)
<latexit sha1_base64="FGzqojso1+n5QPCp/nqQr2Zpaj0=">AAACCXicdVDLSgMxFM3UV62vUZdugkWoCMPM1GJdCAU3LivYB7TDkEkzbWjmQZJRS+nWjb/ixoUibv0Dd/6NmZkKKnog5OSce7m5x4sZFdI0P7TCwuLS8kpxtbS2vrG5pW/vtEWUcExaOGIR73pIEEZD0pJUMtKNOUGBx0jHG5+nfueacEGj8EpOYuIEaBhSn2IkleTq0Hf7iMUjVLk9hGfQT68jmEvwRr1cvWwa9ZpdrZkwIzXzNCdVy4SWYWYogzmarv7eH0Q4CUgoMUNC9Cwzls4UcUkxI7NSPxEkRniMhqSnaIgCIpxptskMHihlAP2IqxNKmKnfO6YoEGISeKoyQHIkfnup+JfXS6Rfd6Y0jBNJQpwP8hMGZQTTWOCAcoIlmyiCMKfqrxCPEEdYqvBKKoSvTeH/pG0bVtWwL4/LDXseRxHsgX1QARY4AQ1wAZqgBTC4Aw/gCTxr99qj9qK95qUFbd6zC35Ae/sE+9aX7w==</latexit> mean



TBM: modeling discriminant information

Class 1: benign cells

Class 2: malignant cells

LDA in transport space

Inverse of classification function

Fetal-type hepatoblastoma

[Basu et al, PNAS 2014]

aDf�1
↵

(x)s0(f
�1
↵ (x))

<latexit sha1_base64="HJhgb8SnMkPs6D2BMtkTlCIciZk=">AAACFHicdZBLSwMxFIUz9VXrq+rSTbAILWKZqYW2u4IuXFawD2jrcCfNtKGZB0lGLEN/hBv/ihsXirh14c5/Y/oQWtEDgcN37iXJcULOpDLNLyOxsrq2vpHcTG1t7+zupfcPGjKIBKF1EvBAtByQlDOf1hVTnLZCQcFzOG06w4tJ3ryjQrLAv1GjkHY96PvMZQSURnb6FC7t2LU7wMMB3MZn1nicvc9haZvZJaphzk5nrLw5FTbzFa1ScW4qFv6JMmiump3+7PQCEnnUV4SDlG3LDFU3BqEY4XSc6kSShkCG0KdtbX3wqOzG00+N8YkmPewGQh9f4Sld3IjBk3LkOXrSAzWQv7MJ/CtrR8otd2Pmh5GiPpld5EYcqwBPGsI9JihRfKQNEMH0WzEZgACidI+pxRL+N41C3jrPF66LmWp5XkcSHaFjlEUWKqEqukI1VEcEPaAn9IJejUfj2Xgz3mejCWO+c4iWZHx8A9ZcnWg=</latexit>

classifier

f↵(x) = f(x) + ↵w(x)
<latexit sha1_base64="FGzqojso1+n5QPCp/nqQr2Zpaj0=">AAACCXicdVDLSgMxFM3UV62vUZdugkWoCMPM1GJdCAU3LivYB7TDkEkzbWjmQZJRS+nWjb/ixoUibv0Dd/6NmZkKKnog5OSce7m5x4sZFdI0P7TCwuLS8kpxtbS2vrG5pW/vtEWUcExaOGIR73pIEEZD0pJUMtKNOUGBx0jHG5+nfueacEGj8EpOYuIEaBhSn2IkleTq0Hf7iMUjVLk9hGfQT68jmEvwRr1cvWwa9ZpdrZkwIzXzNCdVy4SWYWYogzmarv7eH0Q4CUgoMUNC9Cwzls4UcUkxI7NSPxEkRniMhqSnaIgCIpxptskMHihlAP2IqxNKmKnfO6YoEGISeKoyQHIkfnup+JfXS6Rfd6Y0jBNJQpwP8hMGZQTTWOCAcoIlmyiCMKfqrxCPEEdYqvBKKoSvTeH/pG0bVtWwL4/LDXseRxHsgX1QARY4AQ1wAZqgBTC4Aw/gCTxr99qj9qK95qUFbd6zC35Ae/sE+9aX7w==</latexit>

forward inverse

mean
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TBM in early detection of osteoarthritis (OA)

• OA affects 1 in 4 adults.
• Today OA is diagnosed at an irreversible stage.
• Diagnosis requires X-ray confirmation of bone damage.
• Early detection could prevent further development of disease.
• Early detection could stratify patient populations for treatment discovery.

medial femoral cartilage medial tibial cartilageT2-MRI of knee cartilage

• water molecules
• proteoglycans
• orientation of collagen fibers
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TBM in early detection of osteoarthritis (OA)

Images acquired 3 years prior to symptoms 

Can we predict which ones will progress to be symptomatic 3 years in the future?
(ground truth diagnosis based on WOMAC score, 86 subjects)
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Presymptomatic prediction accuracy

[Kundu, Ashinsky, Bouhrara, Dam, Demehri, Shifat-E-Rabbi, Spencer, Urish, Rohde, PNAS, 2020]

Classifier inverse:



Summary: transport-based morphometry

• Transport PCA, subspace learning, …
• Models texture & shape simultaneously
• Visualizes variations within dataset

1) Exploratory analysis

• SVM, LDA, pLDA, …
• Visualizes most discriminative 

information

2) Discriminant models

• CCA
• Study & visualize relationship between 

different measurements

3) Functional relationships

PCA

Malignant

Benign

Classifier



Signa/image classification
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Agebraic generative model for signal/image classes

: class for digit 1
<latexit sha1_base64="TatpuAYC3GUJJp+iHGHfA2dbMac=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqAsXBTcuK9oHdMaSSTNtaCYTkoxQhv6GGxeKuPVn3Pk3ZtpZaOuBwOGce7knJ5ScaeO6305pZXVtfaO8Wdna3tndq+4ftHWSKkJbJOGJ6oZYU84EbRlmOO1KRXEcctoJxze533miSrNEPJiJpEGMh4JFjGBjJd+PsRmFYXY/ffT61Zpbd2dAy8QrSA0KNPvVL3+QkDSmwhCOte55rjRBhpVhhNNpxU81lZiM8ZD2LBU4pjrIZpmn6MQqAxQlyj5h0Ez9vZHhWOtJHNrJPKNe9HLxP6+XmugqyJiQqaGCzA9FKUcmQXkBaMAUJYZPLMFEMZsVkRFWmBhbU8WW4C1+eZm0z+reRf387rzWuC7qKMMRHMMpeHAJDbiFJrSAgIRneIU3J3VenHfnYz5acoqdQ/gD5/MH60WRmQ==</latexit>

S1

<latexit sha1_base64="BjNwOaS3+CsHOogGw16/MvRNNk0=">AAAB83icbVDLSsNAFL2pr1pfUZduBovgqiSlqAsXBTcuK9oHNLFMppN26GQSZiZCCf0NNy4UcevPuPNvnLRZaOuBgcM593LPnCDhTGnH+bZKa+sbm1vl7crO7t7+gX141FFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLnJ/e4TlYrF4kFPE+pHeCRYyAjWRvK8COtxEGT3s8f6wK46NWcOtErcglShQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52TzzDJ0ZZYjCWJonNJqrvzcyHCk1jQIzmWdUy14u/uf1Ux1e+RkTSaqpIItDYcqRjlFeABoySYnmU0MwkcxkRWSMJSba1FQxJbjLX14lnXrNvag17hrV5nVRRxlO4BTOwYVLaMIttKANBBJ4hld4s1LrxXq3PhajJavYOYY/sD5/AOzJkZo=</latexit>

S2 : class for digit 2

<latexit sha1_base64="8kzIoASvlh4iJttYWsVQmYyaFs4="></latexit>

S(1) =
n
s(1)j |s(1)j = |detJgj |'(1) � gj , 8gj 2 G

o

<latexit sha1_base64="tH+FK6mtcx4VByuBSFyTjk3fSfk="></latexit>

S(2) =
n
s(2)j |s(2)j = |detJgj |'(2) � gj , 8gj 2 G

o

template for class 1
<latexit sha1_base64="TUJbGpGmutznr3yY5zmarpscrM8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkoipXoRCl48VrAf0May2W7apZtN2N0ESug/8eJBEa/+E2/+G7dtDtr6YODx3gwz8/yYM6Ud59sqbGxube8Ud0t7+weHR/bxSVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRu7ndSKhWLxKOextQL8UiwgBGsjTSw7X6KZTxmT1nFvZyhWzSwy07VWQCtEzcnZcjRHNhf/WFEkpAKTThWquc6sfYyLDUjnM5K/UTRGJMJHtGeoQKHVHnZ4vIZujDKEAWRNCU0Wqi/JzIcKjUNfdMZYj1Wq95c/M/rJTq48TIm4kRTQZaLgoQjHaF5DGjIJCWaTw3BRDJzKyJjLDHRJqySCcFdfXmdtK+qbr1ae6iVG/U8jiKcwTlUwIVraMA9NKEFBFJ4hld4szLrxXq3PpatBSufOYU/sD5/AO0nkoM=</latexit>

'(1) =

template for class 2
<latexit sha1_base64="W2Z3tXovaE35Zf9Vemq2KZPu3NA=">AAAB+XicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSUqoXoeDFYwX7AW0sm+2mXbrZhN1NoYT+Ey8eFPHqP/Hmv3Hb5qCtDwYe780wM8+POVPacb6t3Nb2zu5efr9wcHh0XLRPTtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sd3C78zpVKxSDzqWUy9EI8ECxjB2kgD2+5PsYzH7CktV6/m6BYN7JJTcZZAm8TNSAkyNAf2V38YkSSkQhOOleq5Tqy9FEvNCKfzQj9RNMZkgke0Z6jAIVVeurx8ji6NMkRBJE0JjZbq74kUh0rNQt90hliP1bq3EP/zeokObryUiTjRVJDVoiDhSEdoEQMaMkmJ5jNDMJHM3IrIGEtMtAmrYEJw11/eJO1qxa1Xag+1UqOexZGHc7iAMrhwDQ24hya0gMAUnuEV3qzUerHerY9Va87KZs7gD6zPH+6wkoQ=</latexit>

'(2) =

An image class is modeled as

a set of transport maps
<latexit sha1_base64="odGq/7LJK+xltZlTwru8+y2wxiw=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlEqsuCC11WsA9oQphMJ+3YySTMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM65l3vmBAlnStv2t1VaW9/Y3CpvV3Z29/YPqodHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0Fk+uZ33ukUrFY3OssoV6ER4KFjGBtJL9aG/kPyGUCuRHWY4J5fjP1q3W7Yc+BVolTkDoUaPvVL3cYkzSiQhOOlRo4dqK9HEvNCKfTipsqmmAywSM6MFTgiCovn4efolOjDFEYS/OERnP190aOI6WyKDCTs4hq2ZuJ/3mDVIdXXs5EkmoqyOJQmHKkYzRrAg2ZpETzzBBMJDNZERljiYk2fVVMCc7yl1dJ97zhNBsXdxf1VrOoowzHcAJn4MAltOAW2tABAhk8wyu8WU/Wi/VufSxGS1axU4M/sD5/AD8/lH4=</latexit>

gj 2 G
applied to a template 

<latexit sha1_base64="TtCRj33WflC0T8ZCZJMMZK7HlkE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VqyabYNzSZrki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+HbutydUaSbFg5nG1I/wULCQEWys5PcmWMUj9piWx5ezfrHkVtwF0DrxMlKCDI1+8as3kCSJqDCEY627nhsbP8XKMMLprNBLNI0xGeMh7VoqcES1ny6OnqELqwxQKJUtYdBC/T2R4kjraRTYzgibkV715uJ/Xjcx4Y2fMhEnhgqyXBQmHBmJ5gmgAVOUGD61BBPF7K2IjLDCxNicCjYEb/XlddK6qni1SvW+WqrXsjjycAbnUAYPrqEOd9CAJhB4gmd4hTdn4rw4787HsjXnZDOn8AfO5w+Se5Hx</latexit>

'(k)

“confound”

unknown
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Model for 1D signal classes

: class for normal ECG heartbeats

: class for premature ventricular contraction beats

template for class 1:

template for class 2:
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Problem statement (supervised learning)

<latexit sha1_base64="XmQzMsDPM5fl0uE8aatom5Z8jUI=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARKpSSlKJdFty4rGAv0MQwmUzaoZNJmJkIJWTrxldx40IRt76BO9/G6UXQ1h8GPv5zDmfO7yeMSmVZX0ZhbX1jc6u4XdrZ3ds/MA+PujJOBSYdHLNY9H0kCaOcdBRVjPQTQVDkM9Lzx1fTeu+eCEljfqsmCXEjNOQ0pBgpbXkmdDJ5l1Xs89yzq/AH61Xo4CBW0sk9s2zVrJngKtgLKIOF2p756QQxTiPCFWZIyoFtJcrNkFAUM5KXnFSSBOExGpKBRo4iIt1sdkkOz7QTwDAW+nEFZ+7viQxFUk4iX3dGSI3kcm1q/lcbpCpsuhnlSaoIx/NFYcqgiuE0FhhQQbBiEw0IC6r/CvEICYSVDq+kQ7CXT16Fbr1mX9QaN41yq7mIowhOwCmoABtcgha4Bm3QARg8gCfwAl6NR+PZeDPe560FYzFzDP7I+PgGoteYYg==</latexit>

{s(1)1 , s(1)2 , · · · }
<latexit sha1_base64="5q3euiVmbrTldAnLFU4VrmqRcWI=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIFUpJStEuC25cVrAXaGKYTKbt0MkkzEyEErJ046u4caGIWx/BnW/jtI2grT8MfPznHM6c348ZlcqyvoyV1bX1jc3CVnF7Z3dv3zw47MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH19N6917IiSN+K2axMQN0ZDTAcVIacszT5xU3qXl2nnm2RX4g7WKg4NISSfzzJJVtWaCy2DnUAK5Wp756QQRTkLCFWZIyr5txcpNkVAUM5IVnUSSGOExGpK+Ro5CIt10dkgGz7QTwEEk9OMKztzfEykKpZyEvu4MkRrJxdrU/K/WT9Sg4aaUx4kiHM8XDRIGVQSnqcCACoIVm2hAWFD9V4hHSCCsdHZFHYK9ePIydGpV+6Jav6mXmo08jgI4BqegDGxwCZrgGrRAG2DwAJ7AC3g1Ho1n4814n7euGPnMEfgj4+MbSD+YOg==</latexit>

{s(2)1 , s(2)2 , · · · }

Training: given sample signals/images from different classes
<latexit sha1_base64="q7whVSEPL9fGX7aKBhCPEtE6yjc="></latexit>

s(k)j 2 S(k) =
n
s(k)j |s(k)j = |detJgj |'(k) � gj , 8gj 2 G

o

<latexit sha1_base64="TtCRj33WflC0T8ZCZJMMZK7HlkE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VqyabYNzSZrki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+HbutydUaSbFg5nG1I/wULCQEWys5PcmWMUj9piWx5ezfrHkVtwF0DrxMlKCDI1+8as3kCSJqDCEY627nhsbP8XKMMLprNBLNI0xGeMh7VoqcES1ny6OnqELqwxQKJUtYdBC/T2R4kjraRTYzgibkV715uJ/Xjcx4Y2fMhEnhgqyXBQmHBmJ5gmgAVOUGD61BBPF7K2IjLDCxNicCjYEb/XlddK6qni1SvW+WqrXsjjycAbnUAYPrqEOd9CAJhB4gmd4hTdn4rw4787HsjXnZDOn8AfO5w+Se5Hx</latexit>

'(k)
<latexit sha1_base64="odGq/7LJK+xltZlTwru8+y2wxiw=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlEqsuCC11WsA9oQphMJ+3YySTMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM65l3vmBAlnStv2t1VaW9/Y3CpvV3Z29/YPqodHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0Fk+uZ33ukUrFY3OssoV6ER4KFjGBtJL9aG/kPyGUCuRHWY4J5fjP1q3W7Yc+BVolTkDoUaPvVL3cYkzSiQhOOlRo4dqK9HEvNCKfTipsqmmAywSM6MFTgiCovn4efolOjDFEYS/OERnP190aOI6WyKDCTs4hq2ZuJ/3mDVIdXXs5EkmoqyOJQmHKkYzRrAg2ZpETzzBBMJDNZERljiYk2fVVMCc7yl1dJ97zhNBsXdxf1VrOoowzHcAJn4MAltOAW2tABAhk8wyu8WU/Wi/VufSxGS1axU4M/sD5/AD8/lH4=</latexit>

gj 2 G
unknown

unknown

Testing: find the class that a test sample    originated from. <latexit sha1_base64="hGLj5Qyty828XotQb+WvECtL1Qk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perXrdvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB3feM9A==</latexit>s

Solution overview



Imaging and Data Science Lab

RCDT – nearest subspace



Imaging and Data Science Lab

transform deformation modeltraining data

Training: estimating basis vectors for subspaces corresponding to each class

orthogonalize output

transformtest sample

Testing :predicting the test sample as belonging to the class corresponding to the nearest subspace

nearest subspace

class 2

class 1

Isotropic scaling

Translation

Two important aspects of the method:
1. The method can learn from datasets
2. The method can learn from mathematically prescribed sets without explicitly 

using the training data

RCDT – nearest subspace
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Chinese printed character 
dataset MNIST dataset

Affine-MNIST dataset Optical OAM dataset Sign language dataset OASIS Brain MRI 
dataset

Datasets



1 2 4 8 16
No. of training samples (per class)

0

20

40

60

80

100

Te
st

 a
cc

ur
ac

y 
(%

)

Chinese printed character
(chance accuracy = 0.1 %)

Resnet
Shallow-CNN
VGGnet
Proposed

1 2 4 8 16 32 64 12
8

25
6

51
2

10
24

20
48

40
96

No. of training samples (per class)

0

20

40

60

80

100

Te
st

 a
cc

ur
ac

y 
(%

)

MNIST
(chance accuracy = 10 %)

Resnet
Shallow-CNN
Proposed

1 2 4 8 16 32 64 12
8

25
6

51
2

10
24

20
48

40
96

No. of training samples (per class)

0

20

40

60

80

100

Te
st

 a
cc

ur
ac

y 
(%

)

Affine-MNIST
(chance accuracy = 10 %)

Resnet
Shallow-CNN
VGGnet
Proposed

1 2 4 8 16 32 64 12
8

25
6

51
2

No. of training samples (per class)

0

20

40

60

80

100

Te
st

 a
cc

ur
ac

y 
(%

)

Optical OAM
(chance accuracy = 3.13 %)

Resnet
Shallow-CNN
VGGnet
Proposed

1 2 4 8 16 32 64 12
8

25
6

51
2

No. of training samples (per class)

0

20

40

60

80

100

Te
st

 a
cc

ur
ac

y 
(%

)

Sign language
(chance accuracy = 33.33 %)

Resnet
Shallow-CNN
VGGnet
Proposed

1 2 4 8 16 32
No. of training samples (per class)

0

20

40

60

80

100

Te
st

 a
cc

ur
ac

y 
(%

)

OASIS brain MRI
(chance accuracy = 50 %)

Resnet
Shallow-CNN
VGGnet
Proposed

Results and comparisons with deep learning
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Out of 
distribution 
testing

[Shifat-E-Rabbi et al, JMIV 2021]



Results and comparisons with deep learning
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Limitations

where

P = {pg : g 2 C}
<latexit sha1_base64="PTCROqpPyd49mvXmBzPL4a1tK74=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRVUASh0I3LCvYBTQiT6aQdOpmEmYlQQn7Bjb/ixoUibt2582+cpFlo64ELh3Pu5d57/JhRqSzr26isrW9sblW3azu7e/sH5uFRX0aJwKSHIxaJoY8kYZSTnqKKkWEsCAp9Rgb+rJP7gwciJI34vZrHxA3RhNOAYqS05JkNJ0Rq6vtpN4M30EljbwKv4QQ6lMPCwoilnczJPLNuNa0CcJXYJamDEl3P/HLGEU5CwhVmSMqRbcXKTZFQFDOS1ZxEkhjhGZqQkaYchUS6afFRBs+0MoZBJHRxBQv190SKQinnoa878yPlspeL/3mjRAVXbkp5nCjC8WJRkDCoIpjHA8dUEKzYXBOEBdW3QjxFAmGlQ6zpEOzll1dJv9W0z5utu4t6u1XGUQUn4BQ0gA0uQRvcgi7oAQwewTN4BW/Gk/FivBsfi9aKUc4cgz8wPn8A7lqcaQ==</latexit>

Q = {qg : g 2 C}
<latexit sha1_base64="w6wUoFARC9VjXtOP54NE4QZ1wQY=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRVUASh0I3LFuwDmlAm00k6dDKJMxOhhPyCG3/FjQtF3Lpz5984TbPQ1gMXDufcy733eDGjUlnWt1FaW9/Y3CpvV3Z29/YPzMOjnowSgUkXRywSAw9JwignXUUVI4NYEBR6jPS9aWvu9x+IkDTid2oWEzdEAac+xUhpaWTWnBCpieelnQzeQCe9HwXwGgbQoRzmFkYsbWVONjKrVt3KAVeJXZAqKNAemV/OOMJJSLjCDEk5tK1YuSkSimJGsoqTSBIjPEUBGWrKUUikm+YfZfBMK2PoR0IXVzBXf0+kKJRyFnq6c36kXPbm4n/eMFH+lZtSHieKcLxY5CcMqgjO44FjKghWbKYJwoLqWyGeIIGw0iFWdAj28surpNeo2+f1Ruei2mwUcZTBCTgFNWCDS9AEt6ANugCDR/AMXsGb8WS8GO/Gx6K1ZBQzx+APjM8f8Zmcaw==</latexit>

It doesn’t seem to work as well for 
general object detection
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Invariance encoding

Aim: Can we mathematically model invariances ?

<latexit sha1_base64="XmQzMsDPM5fl0uE8aatom5Z8jUI=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARKpSSlKJdFty4rGAv0MQwmUzaoZNJmJkIJWTrxldx40IRt76BO9/G6UXQ1h8GPv5zDmfO7yeMSmVZX0ZhbX1jc6u4XdrZ3ds/MA+PujJOBSYdHLNY9H0kCaOcdBRVjPQTQVDkM9Lzx1fTeu+eCEljfqsmCXEjNOQ0pBgpbXkmdDJ5l1Xs89yzq/AH61Xo4CBW0sk9s2zVrJngKtgLKIOF2p756QQxTiPCFWZIyoFtJcrNkFAUM5KXnFSSBOExGpKBRo4iIt1sdkkOz7QTwDAW+nEFZ+7viQxFUk4iX3dGSI3kcm1q/lcbpCpsuhnlSaoIx/NFYcqgiuE0FhhQQbBiEw0IC6r/CvEICYSVDq+kQ7CXT16Fbr1mX9QaN41yq7mIowhOwCmoABtcgha4Bm3QARg8gCfwAl6NR+PZeDPe560FYzFzDP7I+PgGoteYYg==</latexit>

{s(1)1 , s(1)2 , · · · }
<latexit sha1_base64="5q3euiVmbrTldAnLFU4VrmqRcWI=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAIFUpJStEuC25cVrAXaGKYTKbt0MkkzEyEErJ046u4caGIWx/BnW/jtI2grT8MfPznHM6c348ZlcqyvoyV1bX1jc3CVnF7Z3dv3zw47MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXH19N6917IiSN+K2axMQN0ZDTAcVIacszT5xU3qXl2nnm2RX4g7WKg4NISSfzzJJVtWaCy2DnUAK5Wp756QQRTkLCFWZIyr5txcpNkVAUM5IVnUSSGOExGpK+Ro5CIt10dkgGz7QTwEEk9OMKztzfEykKpZyEvu4MkRrJxdrU/K/WT9Sg4aaUx4kiHM8XDRIGVQSnqcCACoIVm2hAWFD9V4hHSCCsdHZFHYK9ePIydGpV+6Jav6mXmo08jgI4BqegDGxwCZrgGrRAG2DwAJ7AC3g1Ho1n4814n7euGPnMEfgj4+MbSD+YOg==</latexit>

{s(2)1 , s(2)2 , · · · }
<latexit sha1_base64="q7whVSEPL9fGX7aKBhCPEtE6yjc="></latexit>

s(k)j 2 S(k) =
n
s(k)j |s(k)j = |detJgj |'(k) � gj , 8gj 2 G

o

<latexit sha1_base64="TtCRj33WflC0T8ZCZJMMZK7HlkE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VqyabYNzSZrki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+HbutydUaSbFg5nG1I/wULCQEWys5PcmWMUj9piWx5ezfrHkVtwF0DrxMlKCDI1+8as3kCSJqDCEY627nhsbP8XKMMLprNBLNI0xGeMh7VoqcES1ny6OnqELqwxQKJUtYdBC/T2R4kjraRTYzgibkV715uJ/Xjcx4Y2fMhEnhgqyXBQmHBmJ5gmgAVOUGD61BBPF7K2IjLDCxNicCjYEb/XlddK6qni1SvW+WqrXsjjycAbnUAYPrqEOd9CAJhB4gmd4hTdn4rw4787HsjXnZDOn8AfO5w+Se5Hx</latexit>

'(k) unknown
<latexit sha1_base64="odGq/7LJK+xltZlTwru8+y2wxiw=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlEqsuCC11WsA9oQphMJ+3YySTMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM65l3vmBAlnStv2t1VaW9/Y3CpvV3Z29/YPqodHXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0Fk+uZ33ukUrFY3OssoV6ER4KFjGBtJL9aG/kPyGUCuRHWY4J5fjP1q3W7Yc+BVolTkDoUaPvVL3cYkzSiQhOOlRo4dqK9HEvNCKfTipsqmmAywSM6MFTgiCovn4efolOjDFEYS/OERnP190aOI6WyKDCTs4hq2ZuJ/3mDVIdXXs5EkmoqyOJQmHKkYzRrAg2ZpETzzBBMJDNZERljiYk2fVVMCc7yl1dJ97zhNBsXdxf1VrOoowzHcAJn4MAltOAW2tABAhk8wyu8WU/Wi/VufSxGS1axU4M/sD5/AD8/lH4=</latexit>

gj 2 G unknown + affine

Solution overview:
Translation

x-direction y-direction

Isotropic scaling Anisotropic scaling

x-direction y-direction

Shear

x-direction y-direction

Rotation



Results and comparisons with deep learning [Shifat-E-Rabbi et al, arxiv 2022]

Synthetic data Real data



Results and comparisons with deep learning [Shifat-E-Rabbi et al, arxiv 2022]

Computational complexity Out-of-distribution experiment
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End-to-End Time Series Classification

Generative Model:

[Rubaiyat et al, ArXiv 2022]
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End-to-End Time Series Classification

NLS algorithm:

Solution is given by:

Subspace Enrichment:

[Rubaiyat et al, ArXiv 2022]
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Results and comparisons with deep learning

In distribution

Out distribution

Out of distribution setup
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testing

[Rubaiyat et al, ArXiv 2022]



Other applications
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Kolouri et al, Wasserstein Embedding for Graph Learning, ICLR 2021

Uses LOT to obtain embedding for graph features for classification

Lee et al, Detecting mammographically occult cancer in women with dense 
breasts using deep convolutional neural network and Radon Cumulative 
Distribution Transform, Journal of Medical Imaging 2019.

Cai et al, Linearized optimal transport for collider events. Physical Review D, 2020.
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Neary et al, Tranposrt-based pattern recognition versus deep neural 
networks in underwater OAM communications, JOSA (A), 2021.

Ren et al, Model reduction of traveling-wave problems via Radon 
cumulative distribution transform, Physical Review Fluids, 2021.

Zhuang et al, Local sliced-Wasserstein features sets for 
illumination-invariant face recognition, ArXiv, 2022.



Summary

<latexit sha1_base64="Q0RbyGjG3v2dKVCiGCm+pFcK2io=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTcmG4K2+vE7aV1XvpnrdvK7Ua3kcRTiDc7gED26hDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB3pGM9g==</latexit>s

<latexit sha1_base64="Zw6E0WKNACVMk4EACpFqjsb5rR0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbRU0mkaI8FLx4r2A9IQ9lsN+nSzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSq4Adf9dkobm1vbO+Xdyt7+weFR9fika1SmKetQJZTuh8QwwSXrAAfB+qlmJAkF64WTu7nfe2LacCUfYZqyICGx5BGnBKzkx5fYDCjXFMfDas2tuwvgdeIVpIYKtIfVr8FI0SxhEqggxviem0KQEw2cCjarDDLDUkInJGa+pZIkzAT54uQZvrDKCEdK25KAF+rviZwkxkyT0HYmBMZm1ZuL/3l+BlEzyLlMM2CSLhdFmcCg8Px/POKaURBTSwjV3N6K6ZhoQsGmVLEheKsvr5Pudd27qTceGrVWs4ijjM7QObpCHrpFLXSP2qiDKFLoGb2iNwecF+fd+Vi2lpxi5hT9gfP5AzmFkIw=</latexit>

g0s � g
<latexit sha1_base64="/zvhp2/1UpgAEpqkjkT+tRk6wcY=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuBM1FCHjxGME8IFlC72Q2GTI7u8zMCjHkS7x4UMSrn+LNv3HyOGhiQUNR1U13V5gKro3nfTu5jc2t7Z38bmFv/+Cw6B4dN3WSKcoaNBGJaoeomeCSNQw3grVTxTAOBWuFo9uZ33pkSvNEPphxyoIYB5JHnKKxUs8tDsgN6UoMBZJuOuQ9t+SVvTnIOvGXpARL1HvuV7ef0Cxm0lCBWnd8LzXBBJXhVLBpoZtpliId4YB1LJUYMx1M5odPyblV+iRKlC1pyFz9PTHBWOtxHNrOGM1Qr3oz8T+vk5moGky4TDPDJF0sijJBTEJmKZA+V4waMbYEqeL2VkKHqJAam1XBhuCvvrxOmpdl/6pcua+UatVlHHk4hTO4AB+uoQZ3UIcGUMjgGV7hzXlyXpx352PRmnOWMyfwB87nD1odkjs=</latexit>

g = r�
<latexit sha1_base64="x2EZgL1MQ2zFfTreQ8/FYPAZsNE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSRStMeCF48V7Ie0oWw223bp7ibsToQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WNza3tneJuaW//4PCofHzSNnGqKWvRWMS6GxLDBFeshRwF6yaaERkK1gknt3O/88S04bF6wGnCAklGig85JWilxz5yEbHMzAblilf1FnDXiZ+TCuRoDspf/SimqWQKqSDG9HwvwSAjGjkVbFbqp4YlhE7IiPUsVUQyE2SLg2fuhVUidxhrWwrdhfp7IiPSmKkMbackODar3lz8z+ulOKwHGVdJikzR5aJhKlyM3fn3bsQ1oyimlhCqub3VpWOiCUWbUcmG4K++vE7aV1X/ulq7r1Ua9TyOIpzBOVyCDzfQgDtoQgsoSHiGV3hztPPivDsfy9aCk8+cwh84nz87sJCs</latexit>

s̃

nonlinear system

least action
conservative

problem easy to 
solve

problem hard to 
solve

answer in signal 
space

signal space transform space signal space

estimation, detection,
inverse problems, classification

Solution
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Extra slides



Post-concussive cognitive changes

• Immediate and transient alteration in brain 
function

• Cognitive changes are common after mild 
traumatic brain injury and predictive of poor 
post-concussive outcome (Himanen et al. 2005;  
Bigler, 2004)

• However, the underlying structural substrates
are poorly understood

• Diffuse axonal injury implicated in decrease in 
working memory (Niogi et al. 2008)

Kundu, Ghodadra, Fakhran, Alhilali, Rohde, Assessing Post-concussive reaction time using TBM of 
diffusion tensor images, American Journal of Neuroradiology, 2019.
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Goals

• Are there identifiable patterns that are hidden from human view?

• If so, how can we find them?

Best reaction 
times

Worst reaction 
times
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Visualization of dynamic morphology changes

Kundu, Ghodadra, Fakhran, Alhilali, Rohde, Assessing Post-concussive reaction time using TBM of 
diffusion tensor images, American Journal of Neuroradiology, 2019.



T1 images and aging
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White matter with age

0.31 mm shift in GM 
distribution with every 10 
year increase age.
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Gray matter with age

0.66 mm shift in GM 
distribution with every 10 
year increase age.



Example: Can we model the dependency between myosin and actin in neutrophils?

Courtesy: Theriot Lab (Stanford)

Solution: 

actin

myosin

transform

canonical 
correlation 

analysis

step 1 step 2

inverse transform



m
yo

sin

actin

Result: Antipodal relationship between actin and myosin



Forkhead protein translocation (drug screening)

0 nM 1 nM 4 nM 15 nM 62 nM 250 nM

Worthamin concentration

Problem statement

Can we automatically “decode” the effects of Worthamin concentration?





From Theromo-FisherBasu, Kolouri, Rohde, PNAS 2014


