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What is Optimal Transport?

Introduction - .
Kantorovich formulation

Monge formulation
Dual Problem

What is Optimal Transport?

» The optimal transport problem seeks the most efficient way of transporting one
distribution of mass into another.
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» The optimal transport problem seeks the most efficient way of transporting one

distribution of mass into another.
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What is Optimal Transport?

» The optimal transport problem seeks the most efficient way of transporting one
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1
703 /05
-~ SN

1
A 3

1@ ) Y1
@} @< -

ST ST P
2@ - ZQ’ L 2@1 . L
@ -------.@ s s
3 . 3 3 : 05 3 : 05
2 Y3 2 V3 2 Y3
Y1 Y2 V3 yi Y2 V3 Y1 Y2 V3
x 2 1 0 x 1 0 2 x 1 1 1
19 9 o © 9 9 9 9
Ll 21 %2 11 %2 2 2
9 9 3 9 3 9 9 9 9

G. K. Rohde*, S. Li *, S. Kolouri' OT Crash Course




What is Optimal Transport?
Kantorovich formulation
Monge formulation

Dual Problem

Introduction

What is Optimal Transport?

» The optimal transport problem seeks the most efficient way of transporting one
distribution of mass into another.
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There are infinitely many transportation plans!
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A little bit of history!

» The problem was originally studied by Gaspard Monge in the 18'th century.

Le mémoire sur les déblais et les remblais
Gaspard Monge ' '
1746-1818 ( The note on land excavation and infill )
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A little bit of history!:

» Working on optimal allocation of scarce resources during World War I,
Kantorovich revisited the optimal transport problem in 1942,
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Leonid Kantorovich Resource allocation
1912-1986
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A little bit of history!

» In 1975, Kantorovich shared the Nobel Memorial Prize in Economic Sciences
with Tjalling Koopmans “for their contributions to the theory of optimum
allocation of resources.”

h
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Resource allocation

Linear programming
is born!

Leonid Kantorovich  Tjalling Koopmans
1912-1986 1910-1985
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» First lets focus on the common trait of these transportation plans.
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» First lets focus on the common trait of these transportation plans.
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A transportation plan is a joint probability distribution with its marginals

equal to the original distributions, p and gq.

G. K. Rohde*, S. Li *, S. Kolouri' OT Crash Course



What is Optimal Transport?

| ducti 5 5
ntroduction Kantorovich formulation

Monge formulation
Dual Problem

> Let p=3,pide; and v =37, q;0y;
represent the mass distributions, where ¢, is
a Dirac measure centered at x;, and
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> Let p=3,pide; and v =37, q;0y;
represent the mass distributions, where ¢, is
a Dirac measure centered at x;, and
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> Let p=3,pide; and v =37, q;0y;
represent the mass distributions, where ¢, is
a Dirac measure centered at x;, and
Oq1=§ 2pi=2;4 =1
As we mentioned +;; identifies the amount of
3 mass that is being transported from z; to y;.
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» Transportation from xz; to y; would induce a

P, =§ O O'“ =§ cost ¢;; = ¢(x4,y;) (e.g. cost of gas for
transportation distance)
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Optimal transport problem:
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OT formulation for discrete mass
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» OT formulation for discrete mass

distributions (point cloud distributions) is a
linear programing problem

» The problem is convex but not strictly

convex.
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» OT formulation for discrete mass

distributions (point cloud distributions) is a
linear programing problem

» The problem is convex but not strictly

convex.

» Common solvers include: Simplex algorithm,

Interior point methods (AKA Barrier
methods), etc.
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» What if we have two continuums of masses?
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Kantorovich general formulation:

» A transport plan between measures p and v defined on X and Y is a probability
measure v € X X Y with marginals,

(X, A) =v(A), 7(B,Y) = u(B)
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Kantorovich general formulation:

» A transport plan between measures p and v defined on X and Y is a probability
measure v € X X Y with marginals,

(X, A) =v(A), 7(B,Y) = u(B)

> Let c(+,-) : X X Y — R define the transportation cost from X to Y.
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What is Optimal Transport?

| . g .
ntroduction Kantorovich formulation

Monge formulation
Dual Problem

Kantorovich general formulation:

» A transport plan between measures p and v defined on X and Y is a probability
measure v € X X Y with marginals,

(X, A) =v(A), 7(B,Y) = u(B)

> Let c(+,-) : X X Y — R define the transportation cost from X to Y.
» The transport problem is then formulated as finding the transport plan that

minimizes the expected cost, ¢, with respect to the joint probability measure -,
KP(/'Lv V) = minwEF(,u,V) / C(Iyy)dV(% y)
XxXY

(p,v) {7 [7(A,Y) = p(4), v(X, B) = v(B)}
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What is Optimal Transport?

| ducti 5 5
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Dual Problem

Kantorovich: discrete formulation (Earth Mover’s Distance)

> let p= Zfilpi(sxi and v = Z;Vi:[ q;0y;, where 0z, is a Dirac measure,
[('P(lu7 1/) = min,y Z Z C(l’i, yj)"/ij
)
st Y Vg =Diy D Yig =45y Vig 20
i %

Kantorovich: general formulation

> Let du(xz) = p(z)dx and dv(z) = q(x)dx

KP(p,v) = min, / c(z,y)dvy(z,y)

/dv(xyfp /dvﬂcy)fCI()

y(z,y) >0
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Monge formulation and Transport Maps:

> A map, f: X =Y, for measures p and v defined on spaces X and Y and with
corresponding densities Iy and Iy, is called a transport map (or a mass
preserving map) iff,

(X, 1)

Ay dp = Iydzx dv = Lidy
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Introduction

Monge formulation and Transport Maps:

> A map, f: X =Y, for measures p and v defined on spaces X and Y and with
corresponding densities Iy and Iy, is called a transport map (or a mass
preserving map) iff,

(X, 1) f

Ay dp = Iydzx

MP—UI/ M—Ah@@}

» When f exists and it is differentiable, above constraint can be written in
differential form as,

MP = {f: X — Y|det(Df(z))I1(f(z)) = Io(x),Vz € X}
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What is Optimal Transport?

Introduction n q
Kantorovich formulation

Monge formulation
Dual Problem

Non-uniqueness of transport maps:

> Similar to transport plans, there exists infinitely many transport maps that
morph one distribution into another.

f L(A)
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What is Optimal Transport?

Introduction n A
Kantorovich formulation

Monge formulation
Dual Problem

Monge formulation and Transport Maps:

» Find the optimal transport map f : X — Y that minimizes the expected cost of
transportation,

M(p,v) = inf rerrp /X (. f(@))Io(x)dz

K. Rohde*, S. Li *, S. Kolouri® Crash Course




What is Optimal Transport?

Introduction : q
Kantorovich formulation

Monge formulation
Dual Problem

Monge formulation and Transport Maps:

» Find the optimal transport map f : X — Y that minimizes the expected cost of
transportation,

M(p,v) = inf rerrp /X (. f(@))Io(x)dz

» In the majority of engineering applications the cost is the Euclidean distance,

M(p,v) = 1nffeMp/ |z — f(x)?To(x)dx

MP

- XeY\/ @) dw—/AIl(y)dy} (1)

Note that as opposed to the Kantorovich formulation the objective function and
the constraint in Eq. (1) are both nonlinear with respect to f.
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Elucidating Example:

I

)

l Sample

~
Pa—

x=[xy,2,)"~ I
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Elucidating Example:

» The distribution of transformed

samples follows:
I

L@y = /X Io(@)8(y — f(x))da

l Sample

~
Pa—

fiXov

x=[xy,2,)"~ I
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Elucidating Example:

» The distribution of transformed
samples follows:
I
2 hw = [ @by - f@)da
D'e
.
- > When f is a diffeomorphism above
lsample { equation simplifies to:

Ii(y) = det(Df () o (f ()

2 -1 0 1 2

x =[x, %]~ I y = f(x) = [5x,(a+ log( +x2)),x,]"
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Monge formulation
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Elucidating Example:

» The distribution of transformed
samples follows:
I

) L@y = /X Io(@)8(y — f(x))da
[ ]

> When f is a diffeomorphism above
l Sample

equation simplifies to:

~
Pa—

Ii(y) = det(Df () o (f ()

L)

det(Df () L(f' )

B 2
x=[rxl~ 1

—  —
y = fx) = [5x,(a+log(1 + x2)), x,]” -
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What is Optimal Transport?

Introduction n
troductio Kantorovich formulation

Monge formulation
Dual Problem

A Transport Map May Not Exist:

> A transport map, f, exists only if p is an absolutely continuous measure and
c(z, f(x)) is convex.

» Here is an example where the transport map does not exists:
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What is Optimal Transport?

Introduction n
troductio Kantorovich formulation

Monge formulation
Dual Problem

A Transport Map May Not Exist:

> A transport map, f, exists only if p is an absolutely continuous measure and
c(z, f(x)) is convex.

» Here is an example where the transport map does not exists:

A

() = b)de S u(y) = %Q_W*dy

» Monge formulation is not suitable for analyzing point cloud distributions or any
particle like distributions.
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What is Optimal Transport?

Introduction -
Kantorovich form on

Monge formulation
Dual Problem

Kantorovich vs. Monge

» The following relationship holds between Monge's and Kantorovich's
formulation,
KP(u,v) < M(p,v)

» When an optimal transport map exists, f : X — Y, the optimal transport plan
and the optimal transport map are related through,

/ oz, y)dr(z,y) = / o, f())du(z)
XXY X

AN

Io(z) /\
\ In a continuous setting
Y
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Existence and uniqueness

theorem

Brenie

> Let ¢(x,y) = | — y|? and let u be absolutely continuous with respect
to the Lebesgue measure. Then, there exists a unique optimal
transport map f : X — Y such that,

J sy @ = [ @

which is characterized as,

f(@) = 7~ V(@) = ¥ (5 fol? ~ $(z)
é(z)

for some concave scalar function 1. In other words, f is the gradient of
a convex scalar function ¢, and therefore it is curl free.
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Implications of the Brenier’s theorem

det(Df(x)) I (fx) Ih(x)
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What is Optimal Transport?

Introduction n A
Kantorovich formulation
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Kantorovich problem and its dual

» Primal problem:

KP(p,v) = min, / c(z,y)dy(z,y)
XXY

s.t. /Y dy(z,y) = p(x), ./X dy(z,y) = q(y)

(z,y) >0
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What is Optimal Transport?

Introduction n A
Kantorovich formulation

Monge formulation
Dual Problem

Kantorovich problem and its dual

» Primal problem:

KP(p,v) = min, / c(z,y)dy(z,y)
XXY

s.t. /Y dy(z,y) = p(x), ./X dy(z,y) = q(y)

(z,y) >0

» Dual problem:

DP(u,v) = maxg.y /X $(x)du(z) + /Y W(y)dv(y)

s.t. () +P(y) < clz,y), Y(z,y) € X XY
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What is Optimal Transport?

Introduction n A
Kantorovich formulation

Monge formulation
Dual Problem

Dual problem and Kantorovich-Rubinstein theorem:

» Dual problem:

Py = maxy [ o) + [ o wavty)

st. ¢°(y) = infx c(z,y) — o(x)
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What is Optimal Transport?

Introduction . q
Kantorovich formulation

Monge formulation
Dual Problem

Dual problem and Kantorovich-Rubinstein theorem:

» Dual problem:

DP(u,v) = max, / o(2)dpa(e / 6% (y)dv(y

s.t. ¢“(y) = infx c(z,y) — ¢(x)

Kantorovich-Rubinstein theorem

»> Let p and v be two probability measures in the metric space (X, d).

» When the cost function is the £1 norm, ¢(z,y) = |z — y|, the Dual
problem could be simplified into:

DP(p,v) = maxgerip, (X) /¢x)dﬂ /¢ )dv(y)

where Lip1 (X) ={¢ | |¢(z) — ¢(y)| < d(=z,y),Va,y € X}
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p-Wasserstein distance
Sliced p-Wasserstein distance
2-Wasserstein geodesic

Transport-Based Metrics

p-Wasserstein distance
> Let Pp(Q2) be the set of Borel probability measures with finite p'th moment
defined on a given metric space (€2, d). The p-Wasserstein metric, W, for
p > 1on Py(Q) is then defined as the optimal transport problem with the cost
function ¢(z,y) = dP(z,y). Let p and v be in P,(Q2), then,

1

. P

Wp(u,l/)=( min / dp(wvy)dv(w,y))
YEL (1) JaxQ

OT Crash Course
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p-Wasserstein distance
Transport-Based Metrics Sliced p-Wasserstein distance

2-Wasserstein geodesic

p-Wasserstein distance

> Let Pp(Q2) be the set of Borel probability measures with finite p'th moment
defined on a given metric space (€2, d). The p-Wasserstein metric, W, for
p > 1on Py(Q) is then defined as the optimal transport problem with the cost
function ¢(z,y) = dP(z,y). Let p and v be in P,(Q2), then,

YEL (1,v)

WP(“’”):( min /dep(wvy)dv(w,y)f

or equivalently when the optimal transport map, f*, exists,

Wy — ((amin [ @G f@aua))”
(ine /| )

feMp
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p-Wasserstein distance
Transport-Based Metrics Sliced p-Wasserstein distance

2-Wasserstein geodesic

p-Wasserstein distance

> Let Pp(Q2) be the set of Borel probability measures with finite p'th moment
defined on a given metric space (€2, d). The p-Wasserstein metric, W, for
p > 1on Py(Q) is then defined as the optimal transport problem with the cost
function ¢(z,y) = dP(z,y). Let p and v be in P,(Q2), then,

WP(“’”):( min /dep(wvy)dv(w,y)f

YEL (1,v)

or equivalently when the optimal transport map, f*, exists,

Wy — ((amin [ @G f@aua))”
(ine /| )

feMp

> In most engineering applications Q@ C R? and d(z,y) = |z — y|.
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p-Wasserstein distance
Transport-Based Metrics Sliced p-Wasserstein distance

2-Wasserstein geodesic

Why p-Wasserstein distance?

0 20 40 —40 -20 0 20 40
L2 Jensen-Shanon Wasserstein

=== Jensen-Shanon
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—a  -30 -20 -io0 [ 10 20 30 40




p-Wasserstein distance
Transport-Based Metrics Sliced p-Wasserstein distance
2-Wasserstein geodesic

Optimality and Characterization (1D)

Theorem (optimality, uniqueness, monotonicity)

Given two probability measures i, v € P(R) and suppose that
corresponding (KP) is finite. Then (KP) has a unique solution ~*
characterized by the following monotonicity property:

(z,y), (@",y) esupp (v),z <2’ =y <y (2)
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p-Wasserstein distance
Transport-Based Metrics Sliced p-Wasserstein distance
2-Wasserstein geodesic

Optimality and Characterization (1D)

Theorem (optimality, uniqueness, monotonicity)

Given two probability measures i, v € P(R) and suppose that
corresponding (KP) is finite. Then (KP) has a unique solution ~*
characterized by the following monotonicity property:

(z,y), (@",y) esupp (v),z <2’ =y <y (2)

Moreover, if u is atomless (does not give mass to atoms), this optimal
plan is induced by a unique non-decreasing map T*, i.e., v* = (Id, T* )y,
in which case T* is the minimizer (optimal transport map) for (MP).
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Optimality and Characterization (1D)

Theorem (optimality, uniqueness, monotonicity)

Given two probability measures i, v € P(R) and suppose that
corresponding (KP) is finite. Then (KP) has a unique solution ~*
characterized by the following monotonicity property:

(z,y), (@",y) esupp (v),z <2’ =y <y (2)

Moreover, if u is atomless (does not give mass to atoms), this optimal
plan is induced by a unique non-decreasing map T*, i.e., v* = (Id, T* )y,
in which case T* is the minimizer (optimal transport map) for (MP).
Remark:

1. See Section 1.6, 2.1 and 2.2 in F.Santambrogio's book Optimal Transport for
Applied Mathematicians.

2. A key fact for proving the above theorem is that the support of an optimal plan
is cyclically monotone, which can be then used to show (2).
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Transport-Based Metrics Sliced p-Wasserstein distance
2-Wasserstein geodesic

Computation of Optimal Transport Map

Theorem
Given p,v € P(R) and suppose that p is atomless. Then, the optimal

transport map between them is the unique non-decreasing map
T* : R — R defined by

T*(x) = F}(Fu(x)), (3)

where F), denotes the cumulative distribution function of y and F is the
generalized/pseudo inverse function of F,.}

1The generalized inverse for a function ' : R — [0, 1] is defined by Ff(z) := inf{t € R: F(t) > z}.
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Computation of Optimal Transport Map

Theorem

Given p,v € P(R) and suppose that p is atomless. Then, the optimal
transport map between them is the unique non-decreasing map

T* : R — R defined by

T*(x) = F}(Fu(2)), (3)
where F), denotes the cumulative distribution function of y and F is the
generalized/pseudo inverse function of F,.}

Given L'-normalized non-negative functions f,,, f, € L'(R), one can
think of them as density functions of probability measures and define the
corresponding concepts: (KP), (MP), optimal transport maps etc.

1The generalized inverse for a function ' : R — [0, 1] is defined by Ff(z) := inf{t € R: F(t) > z}.
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p-Wasserstein distance for 1D probability measures

1 1
Wp(p,v) = (/0 |F () — Fyh()|Pdt) » (4)

Iy I F,u F,

Figure: Note that, the Euclidean distance does not provide a sensible distance between I, I7 and Io while the
p-Wasserstein distance does.
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p-Wasserstein distance for 1D probability measures

1 1
Wp(p,v) = (/0 |F () — Fyh()|Pdt) » (5)

I() Il Fu Fu
—p
I I Ey F,
NA”

Figure: Note that, the Euclidean distance does not provide a sensible distance between I, I7 and Io while the
p-Wasserstein distance does.
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p-Wasserstein distance
Sliced p-Wasserstein distance
2-Wasserstein geodesic

p-Wasserstein distance for 1D probability measures

(1) — By N rm))P) ¥ (6)

m=1
am
Probability densities Cumulative distributions and calculation of the Wasserstein distance
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p-Wasserstein distance
Transport-Based Metrics Sliced p-Wasserstein distance

2-Wasserstein geodesic

Sliced p-Wasserstein distance

» Slice an n-dimensional probability
distribution (n > 1) into
one-dimensional representations
through projections and measure
p-Wasserstein distance between
these representations.
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Sliced p-Wasserstein distance

» Slice an n-dimensional probability
distribution (n > 1) into
one-dimensional representations
through projections and measure
p-Wasserstein distance between
these representations.

» Where % denotes Radon transform and is defined as,

RIL0) = / [(@)5(t — 0 v)da
gd—1
vt € R, VO € S (Unit sphere in RY) ()
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2-Wasserstein geodesic

Sliced p-Wasserstein distance

» Slice an n-dimensional probability
distribution (n > 1) into
one-dimensional representations
through projections and measure
p-Wasserstein distance between
these representations.

» Where % denotes Radon transform and is defined as,

RIL0) = / [(@)5(t — 0 v)da
gd—1
vt € R, VO € S (Unit sphere in RY) ()

> and the p-Sliced-Wasserstein (p-SW) distance is defined as:

Bl

SWy(lo, I1) = (/Sd_l WZ?(%IO(.,H),%II(.,H))dH) (8)
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Transport-Based Metrics Sliced p-Wasserstein distance
2-Wasserstein geodesic

Geometric Properties
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p-Wasserstein distance
Sliced p-Wasserstein distance
2-Wasserstein geodesic

Transport-Based Metrics

2-Wasserstein geodesics

P> The set of continuous measures together with the 2-Wasserstein metric forms a
Riemmanian manifold.

» Given the 2-Wasserstein space,
(P2(2), W2), the geodesic between
W, v € P>(R) is the shortest curve on
P>(£2) that connects these measures.

K. Rohde*, S. Li *, S. Kolouri'
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Transport-Based Metrics

2-Wasserstein geodesics

P> The set of continuous measures together with the 2-Wasserstein metric forms a
Riemmanian manifold.

» Given the 2-Wasserstein space,
(P2(2), W2), the geodesic between
i, v € P>(82) is the shortest curve on R ()
P>(£2) that connects these measures.

> Let p¢ for t € [0, 1] parametrizes a curve on P>(2) with pg = p and p1 = v, and
let I; denote the density of p¢, It(z)dx = dp¢(x).

G. K. Rohde*, S. Li *, S. Kolouri'
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p-Wasserstein distance
Transport-Based Metrics Sliced p-Wasserstein distance

2-Wasserstein geodesic

2-Wasserstein geodesics

P> The set of continuous measures together with the 2-Wasserstein metric forms a
Riemmanian manifold.

» Given the 2-Wasserstein space,
(P2(2), W2), the geodesic between
W, v € P>(R) is the shortest curve on
P>(£2) that connects these measures.

Py (Q)

> Let p¢ for t € [0, 1] parametrizes a curve on P>(2) with pg = p and p1 = v, and
let I; denote the density of p¢, It(z)dx = dp¢(x).

> For the optimal transport map, f(x), between p and v the geodesic is
parametrized as,

Ii(x) = det(Dfe(z))l1i(fe(x)), fe(z) =1 —t)z+1tf(x) 9
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2-Wasserstein geodesics

P> The set of continuous measures together with the 2-Wasserstein metric forms a
Riemmanian manifold.

» Given the 2-Wasserstein space,
(P2(2), W2), the geodesic between
W, v € P>(R) is the shortest curve on
P>(£2) that connects these measures.

Py (Q)

> Let p¢ for t € [0, 1] parametrizes a curve on P>(2) with pg = p and p1 = v, and
let I; denote the density of p¢, It(z)dx = dp¢(x).

> For the optimal transport map, f(x), between p and v the geodesic is
parametrized as,

Ii(x) = det(Dfe(z))l1i(fe(x)), fe(z) =1 —t)z+1tf(x) 9

» It is straightforward to show that,

Wa(u, pe) = tWa(p, v) (10)
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Sliced p-Wasserstein distance
2-Wasserstein geodesic

Transport-Based Metrics

2-Wasserstein geodesics

Geodesic in the 2-Wasserstein space Geodesic in the Euclidean space

Ii(z) = det(D fi(z)) L (fi(x)) Ii(z) = (1 = )Io(2) + th(z)

t=0 ¢t=025 t=05 t=075 t=1 t=0 ¢t=025 t=05 t=075 t=1
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Transport-Based Metrics

2-Wasserstein geodesics

Geodesic in the Euclidean space
Ii(z) = (1 - t)Io(2) + tIi (z)
t=0 t=025 t=05 t=075 t=1

Geodesic in the 2-Wasserstein space
Ii(z) = det(D fi(z)) [ (fi(x))
t=0 ¢t=025 t=05 t=075 t=1

OT Crash Course
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2-Wasserstein geodesic

2-Wasserstein geodesics

Geodesic in the 2-Wasserstein space Geodesic in the Euclidean space

Ii(z) = det(D fi(z)) [ (fi(x)) Ii(z) = (1 - t)Io(2) + tIi (z)
t=0 t=025 t=05 t=075 t=1 t=0 t=025 t=05 t=075 t=1
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p-Wasserstein distance
Transport-Based Metrics Sliced p-Wasserstein distance

2-Wasserstein geodesic

2-Wasserstein geodesics

Geodesic in the 2-Wasserstein space Geodesic in the Euclidean space
Ii(z) = det(D fi(z)) [ (fi(x)) Ii(z) = (1 - t)Io(2) + tIi (z)
t=0 t=025 t=05 t=075 t=1 t=0 t=025 t=05 t=07 t=1
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Monge problem
Kantorovich problem

Numerical Solvers

Numerical Solvers
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Monge problem

. Kantorovich problem
Numerical Solvers

Flow Minimization (Angenent, Haker, and Tannenbaum)

» The flow minimization method finds the optimal transport map following below
steps:

1. Obtain an initial mass preserving transport map using the
Knothe-Rosenblatt coupling

2. Update the initial map to obtain a curl free mass preserving transport
map that minimizes the transport cost

fet1 =[x +eIink(fk — V(A7 div(fr))), AT!: Poisson solver (11)
0
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Monge problem

. Kantorovich problem
Numerical Solvers

Flow Minimization (Angenent, Haker, and Tannenbaum)

» The flow minimization method finds the optimal transport map following below
steps:

1. Obtain an initial mass preserving transport map using the
Knothe-Rosenblatt coupling

2. Update the initial map to obtain a curl free mass preserving transport
map that minimizes the transport cost

fet1 =[x +€%ka(fk — V(A7 div(fr))), AT!: Poisson solver (11)

to=0 tio t15 t20

@1~ fi(x,1) II "‘ " (l ') "\ ')
Iy I 1

[ O -

[l

x—f(xt) —

leurl(£(x,t))| (B

Angenent, S., et al. ”"Minimizing flows for the Monge—Kantorovich problem.” SIAM 2003

G. K. Rohde*, S. Li *, S. Kolouri' OT Crash Course




Monge problem

. Kantorovich problem
Numerical Solvers

Gradient descent on the dual problem (Chartrand et al.)

2 the dual of

> For the strictly convex cost function, ¢(z,y) = %|m -y
Kantorovich problem can be formalized as minimizing,

M(n) = /X o(x)du(z) + /Y 6°(y)du(y) (12)

n°(y) := maxzex (z -y — ¢(x)) is the Legendre-Fenchel transform of ¢(z).
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Monge problem

. Kantorovich problem
Numerical Solvers

Gradient descent on the dual problem (Chartrand et al.)

> For the strictly convex cost function, ¢(z,y) = %|m —y|?, the dual of

Kantorovich problem can be formalized as minimizing,

M(n) = /X o(x)du(z) + /Y 6°(y)du(y) (12)

n°(y) := maxzex (z -y — ¢(x)) is the Legendre-Fenchel transform of ¢(z).
» Then the potential transport field, ¢, is updated to minimize M(¢) through,

Ok4+1 = ¢ — (o — det(I — HP5C)I1(id — Vi°)), H: Hessian matrix (13)
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Monge problem

. Kantorovich problem
Numerical Solvers

Gradient descent on the dual problem (Chartrand et al.)

> For the strictly convex cost function, ¢(z,y) = %|m -y
Kantorovich problem can be formalized as minimizing,

— [ @du@)+ [ o wavly) (12)
X Y

n°(y) := maxzex (z -y — ¢(x)) is the Legendre-Fenchel transform of ¢(z).
» Then the potential transport field, ¢, is updated to minimize M(¢) through,

Or+1 = ¢ — (Lo — det(I — H(i)ic)ll(id — V#5©)), H: Hessian matrix (13)

uj Sk Illll

ok(x) = 51 = (@) = det(DVni) 11 (V)

Chartrand, R., et al. "A gradient descent solution to the Monge-Kantorovich problem.” AMS 2009

G. K. Rohde*, S. Li *, S. Kolouri' OT Crash Course




Monge problem

. Kantorovich problem
Numerical Solvers 2

Linear programming

> Let p= Zf\f:l pidz; and p = Z§i1 q;0y;, Where 4z,
is a Dirac measure,
\

KP(u,v) = miny Y > c(®i,y)v; \
i g

s.t. Z’Yij = Di, Z%‘j =45, Yij =20 \,
j i

» Can be solved through the Simplex algorithm or interior point techniques.

> Computational complexity of solvers: O(N3logN)
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. Kantorovich problem
Numerical Solvers 2

Linear programming

> Let p= Zf\f:l pidz; and p = Z§i1 q;0y;, Where 4z,
is a Dirac measure,

KP(u,v) = miny Y > c(®i,y)v; N
i g

st > Wij =Dis Y Yij =45 Vij 20 \
j i

» Can be solved through the Simplex algorithm or interior point techniques.
> Computational complexity of solvers: O(N3logN)

Multi-Scale Approaches

» To improve computational complexity of several multi-scale approaches have
been proposed

» The idea behind all these multi-scale techniques is to obtain a coarse transport
plan and refine the transport plan iteratively.
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. Kantorovich problem
Numerical Solvers 2

Entropy Regularization

» Cuturi proposed a regularized version of the Kantorovich problem which can be
solved in O(NlogN),

Wi = it [ @)y + 0o Ino (@ 0)dedy. (14
’ YEL (p,v) JoxQ
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Monge problem

Kantorovich problem

Numerical Solvers

Entropy Regularization

» Cuturi proposed a regularized version of the Kantorovich problem which can be
solved in O(NlogN),

Wi = it [ @)y + 0o Ino (@ 0)dedy. (14
’ YEL (p,v) JoxQ

» |t is straightforward to show that the entropy regularized p-Wasserstein distance
in Equation (14) can be reformulated as,

dP(z,y)

=) )

WP (v) =X inf KL(YIKN), Kx(z,y) = exp(—
o (K ) JUL (V1K) Az, y) = exp(

)
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Monge problem

Kantorovich problem

Numerical Solvers

Entropy Regularization

» Cuturi proposed a regularized version of the Kantorovich problem which can be
solved in O(NlogN),

WP, (,v) = _inf / dP(2,y)y(@,y) + My, y) In(+(z,y))dady. (14)
’ YET (1,v) Jaxn

» |t is straightforward to show that the entropy regularized p-Wasserstein distance
in Equation (14) can be reformulated as,

dP(z,y)
A

W7 \(mv) =X inf KL(YIKy), Ki(z,y)=exp(— ) (15)
’ YEL (p,v)

Pa(hov) = {7 € D) | KLGpx0) < 3

7 = argmin / fe — yy(a y)ddy — ()
el () Jaxa

Yo l@,y) = Io(x)11(y)

7o : optimal transport plan

Cuturi, M. "Sinkhorn distances: Lightspeed computation of optimal transport.” NIPS 2013.
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Kantorovich problem

Numerical Solvers

Summary

» Introduction:

1. Monge formulation — transport maps
2. Kantorovich formulation — transport plans
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Numerical Solvers

Summary

» Introduction:

1. Monge formulation — transport maps

2. Kantorovich formulation — transport plans
» Transport-based metrics and geometric properties:

1. p-Wasserstein metric
2. p-Sliced Wasserstein metric
3. 2-Wasserstein geodesics
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Summary

Monge problem

Kantorovich problem

Numerical Solvers

» Introduction:

1.
2.

Monge formulation — transport maps
Kantorovich formulation — transport plans

» Transport-based metrics and geometric properties:

1.
2.
3.

p-Wasserstein metric
p-Sliced Wasserstein metric
2-Wasserstein geodesics

» Numerical solvers:

1.

2.
3.
4

Flow minimization (Monge)

Gradient descent on the dual problem (Monge)

Linear programming and multi-scale methods (Kantorovich)
Entropy regularized solver (Kantorovich)
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Summary

Monge problem

Kantorovich problem

Numerical Solvers

» Introduction:

1.
2.

Monge formulation — transport maps
Kantorovich formulation — transport plans

» Transport-based metrics and geometric properties:

1.
2.
3.

p-Wasserstein metric
p-Sliced Wasserstein metric
2-Wasserstein geodesics

» Numerical solvers:

1.

2.
3.
4

Flow minimization (Monge)

Gradient descent on the dual problem (Monge)

Linear programming and multi-scale methods (Kantorovich)
Entropy regularized solver (Kantorovich)

Coming Up Next

» Transport-based transformations
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. Kantorovich problem
Numerical Solvers 2

Thank you!
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